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ON THE EFFECTS OF FLEXIBILITY IN A QUICK
RETURN PLANAR MECHANISM
Giuseppe Catania, Alessandro Zanarini
Department of Industrial Engineering, University of Bologna, Italy
E-mail: giuseppe.catania@unibo.it, a.zanarini@unibo.it
Abstract. Flexible multibody dynamics is often approached in case of small ﬂexible de-
formations by means of the ﬁnite-element modelling method in component mode synthesis
techniques to reduce the size of the computations.
In this work, by means of proper shape functions bases, the elastic behaviour of slender
beams is approximated in its local axial and transversal displacement components. Attention
is paid to the inertial contributions to enhance the driving function. An ideal quick return
mechanism is here modelled with the meshless approach. The results of different modelling
choices are collected, to show how this shape functions based formulation can handle the
added ﬂexibility by means of a small set of degrees of freedom and motion equations. Some
aspects are detailed and discussed.
Keywords: ﬂexible multibody, meshless ﬂexible components, shape functions, parame-
ter study.
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As the operating speed of machinery or general mechanism increases, many vibration related
issues start to be revealed and a rigid body based description of the motion of the parts is
no longer sufﬁcient to model the real behaviour of the machine. In the past tentative mod-
els might deal with ﬂexibility by lumped parameters, but, while certainly better than rigid
body approaches, they were not really adherent with the behaviour of realistic components
with distributed ﬂexibility. The distributed ﬂexible multibody dynamics is often approached
in case of small ﬂexible deformations by means of the ﬁnite-element modelling method in
component mode synthesis techniques [1, 2], which can deal with very detailed and com-
putationally expensive models, though reduced of size by keeping the contributions of their
lower frequency structural dynamics only. In these approaches the size of the motion equa-
tions can be high to include the distributed ﬂexibility, otherwise the general description can
be poor as the speeds are raised, when the structural dynamics of lightweight components is
excited. The computational costs can be so high that FEM based approaches are more useful
for the analyses in speciﬁc critical conﬁgurations, rather than a whole simulation of the com-
plete transient dynamics or control problems. Therefore physics based, but more efﬁcient,
approaches are sought after for general ﬂexible mechanisms.
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Figure 1. References and transforms for a generic point P i on a ﬂexible body
While the authors have already worked on kinematics dependant models of mecha-
nisms [3–8], where the elasticity was lumped mainly in between the rigid parts, the approach
here used is focused on modelling the elasticity of each moving parts, giving a relevant con-
tribution on the whole system behaviour in the time domain. In [9,10] a linearly independent
set of shape functions was introduced to continuously model the ﬂexible components of lo-
cal reference displacements as a superposition of shape functions; a novel formulation of
the ﬂexible properties of beam-like components then followed, with a reduced size motion
equation set and no restriction in the geometrical model.
In this work, this general approach is recalled from [9, 10] to introduce the modelling of
the ﬂexibility by means of shape functions bases, compatible with the constraint conditions.
The elastic behaviour of slender beams is approximated in its local axial and transversal
displacement components, then superposed to the non linear rigid body motion of a general
mechanism.
An ideal quick return mechanism is here modelled with the meshless multibody system
formulation recently introduced [9, 10]. Proper attention is also paid to the inertial contri-
butions to enhance the driving function and obtain constant rotational speed of the actuated
body. The results of different modelling choices, in terms of elastic degrees of freedom (dofs),
are collected, to show how this shape functions based formulation can handle the added ﬂex-
ibility by means of a small set of dofs and motion equations.
The obtained parameter study can be used to automate the selection of a minimal approx-
imation basis of the ﬂexibility, with advances for computational costs and general modelling.
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The formulation to retain the ﬂexibility of bodies adds the description inside a known formu-
lation, expanding therefore the knowledge of the mechanism with the dofs related to elastic
behaviour.
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Typicalformulation
Inthispaper,aswellasin[9,10], theFloatingFrameofReference[11]approachwasfol-
lowed,heredepictedinFigure1. Init,apointPi onthei-thbodycanbereferencedtothe
groundinertialsystemas:
riP = R
i
O + A
i
(
ui0 + u
i
f (t)
)
= RiO + A
i
(
ui0 + S
iqif (t)
)
(1)
where:
• RiO is the FFR origin location
• Ai is the 2x2 FFR rotation matrix, deﬁned by means of the rotation angle φi
• ui0 is the constant position vector in FFR
• uif (t) is the vector of ﬂexible contributions in FFR
• Si is the shape matrix in FFR
• qif (t) is the vector of elastic coordinates in FFR
$0(6+/(66'(&20326,7,212)7+(&217,1880
Withintheassumptionsofsmalldeﬂectionsandstructurallinearity,itispossibletoapproxi-
matethedistributedelasticityofacomponentbymeansofasetofshapefunctions,properly
selectedascompatiblewiththeboundaryconditions.Recallingtheprocedureofassembling
manyfreebodieswithkinematicalconstraintequationsandLagrangemultipliers,theﬂexi-
blebodiesareconsideredasfree-freeandtheﬂexibilitydofsareaddedovertherigidbody
description,thusanexpansionofthemultibodysystemdescriptionisobtained.Moredetails
canbefoundin[9,10].
Basicconceptsofcontinuousshapefunctions
Theevaluationofthepropertiesoftheﬂexiblebodiesisbasedon:
• small ﬂexible displacements in regards to the size of the body
• deformation in the elastic region, according to Hooke’s law
• separation of variables by using orthogonal inﬁnite basis functions, evaluated from the
vibrational response of a known standard problem:
v(x, t) = ψ(x)p(t) =
∞∑
r=1
ψr(x)pr(t) (2)
• the truncated base is already a good approximation of the displacement with n func-
tions:
v(x, t) =
n∑
r=1
ψr(x)pr(t) (3)
e.g. for free-free boundaries, the r-th (r = 1, . . . , n) bending basis function is:{
αr =
cosh(γrL)−cos(γrL)
sinh(γrL)−sin(γrL)
ψr(x) = cosh(γrx) + cos(γrx)− αr(sinh(γrx) + sin(γrx))
(4)
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Advantages of continuous shape functions vs FEM
Continuous shape functions can offer:
• C∞ continuity of the displacement solution along the whole domain, e.g. axial &
traversal deﬂections of a beam:
u(x, t) =
m∑
r=1
ψar (x)p
a
r(t) v(x, t) =
n∑
k=1
ψbk(x)p
b
k(t) (5)
• easy selection of a minimal set of ﬂexible basis functions for faster calculations
• no need of interface modes like in Craig-Bampton condensation
• no need of any mesh or mating grid requirements and re-meshing strategies
,03/(0(17$7,21,17+(3/$1(
Asaproofofconceptthemodelingstrategyisorganisedforplanarmotion,whereeachfree
rigidbodyhasonly3dofs(xi, yi, φi). Theelasticdofsarethusaddedtodescribedspeciﬁc
deﬂections,beingaxial(a)orbending(b)related.
Generalisedcoordinatesforaﬂexiblebody
As in Equation (5) the elastic motionwPO,i(x, t) = w
P
O,i(t) can be expressed asN
P
i pi, where:
NPi =
[
(ψa1 (xP ))i . . . (ψ
a
m(xP ))i (ψ
b
1(xP ))i . . . (ψ
b
n(xP ))i
]
(6)
pTi =
[
pa1i(t) . . . p
a
mi(t) p
b
1i(t) . . . p
b
ni(t)
]T
(7)
and the position of a point P in global coordinates of Equation (1) becomes:
rPG,i = rO,i + Ai
(
sPO,i +N
P
i pi
)
(8)
written using the set of generalised coordinates for the i-th ﬂexible body:
q
f
i =
[
xi yi φi p
a
1i . . . p
a
mi p
b
1i . . . p
b
ni
]T
(9)
Constraints:anexamplefortherevolutejoint
Therevolutejointconstraintsintheplaneisrealisedbyimposingsinglepointcoincidence
betweentwopointsPi&Qjbelongingtodifferentbodies,nowmodelledwiththesetof
ﬂexiblemodeshapes:
Φrevf = r
P
G,i − r
Q
G,j = rO,i + Ai
(
sPO,i +N
P
i pi
)
− rO,j − Aj
(
s
Q
O,j +N
Q
j pj
)
(10)
According to the generalised coordinates for elastic bodies, the Jacobian of the revolute
joint constraint can be expressed as:
∂Φrevf
∂qi
=
[
I Bi
(
sPO,i +N
P
i pi
)
AiN
P
i
]
(11)
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∂Φrevf
∂qj
=
[
−I −Bj
(
s
Q
O,j +N
Q
j pj
)
−AjN
Q
j
]
(12)
where the matrix Bi can be deﬁned as:
Bi =
∂Ai
∂φi
=
[
−sin(φi) −cos(φi)
cos(φi) −sin(φi)
]
. (13)
Motionequations
ToobtaintheequationsofmotiontheLagrangianapproachwasfollowed,whichmeansthat
theLagrangianfunctionL= T−U of thekineticandelasticpotentialenergyof thefree
bodies isproperlyderived toobtaingeneralised forces, coupled, bymeansofLagrangian
multipliers,withthesetofconstraintforcescomingfromthekinematicaljointsandthearray
ofexternalgeneralisedforces.
Kinetic energy. For the i-th ﬂexible body, the kinetic energy can be expressed as
follows:
Ti =
1
2
∫
Vi
ρi
(
r˙
∗
G,i
)T
r˙
∗
G,idVi (14)
with integration over the volume Vi at locations of every point ∗ of the velocities r˙
∗
G,i. The
previous expression can be rewritten as:
Ti =
1
2
q˙
fT
i
⎛
⎝ Li∫
0
ρiSi
⎡
⎣ IBˆ∗Ti
N∗Ti A
T
i
⎤
⎦ [I Bˆ∗i AiN∗i ] dxi
⎞
⎠ q˙fi (15)
where the terms inside the parenthesis can be expanded into the symmetric mass matrixM
f
i
of the i-th ﬂexible body:
M
f
i =
Li∫
0
ρiSi
⎡
⎣ I Bˆ∗i AiN∗iBˆ∗Ti Bˆ∗Ti Bˆ∗i Bˆ∗Ti AiN∗i
N∗Ti A
T
i N
∗T
i A
T
i Bˆ
∗
i N
∗T
i N
∗
i
⎤
⎦ dxi (16)
Elastic potential. Each body has a contribution to the potential energy with their
axial and bending deformations:
Uefi =
1
2
∫
Vi
(
σTa ǫa + σ
T
b ǫb
)
dVi =
1
2
Li∫
0
(
EiSiǫ
2
i + EiIic
2
i
)
dxi (17)
Uefi =
1
2
Li∫
0
[
u′i(xi, t) v
′′
i (xi, t)
] [EiSi 0
0 EiIi
] [
u′i(xi, t)
v′′i (xi, t)
]
dxi (18)
Introducing the following matrix notations,
DPi =
[
(Ψ′a(x))Ti (Ψ
′′
b(x))
T
i
]
, Ci =
[
EiSi 0
0 EiIi
]
,
[
u′i(xi, t)
v′′i (xi, t)
]
= DPi pi, (19)
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Figure 2. Quick return mechanism at initial position: a scheme
the elastic potential can be compacted in this form:
Uefi =
1
2
Li∫
0
pTi D
∗T
i CiD
∗
ipidxi =
1
2
pTi
⎛
⎝ Li∫
0
D∗Ti CiD
∗
i dxi
⎞
⎠pi (20)
where Kˆi =
Li∫
0
D∗Ti CiD
∗
i dxi is the stiffness matrix of the i-th ﬂexible member.
Constrained motion equations. Some assumptions need to be outlined:
d
dt
(
∂T
∂q˙f
)
= Mf q¨f ,
∂T
∂qf
=
∂
(
q˙
f
Mf q˙
f
)
∂qf
= Qv,
∂Uef
∂qf
= Kfqf = −Qe. (21)
A differential equation system for the constrained motion of a ﬂexible multibody system is
obtained: ⎧⎨
⎩ M
f q¨
f +
(
∂Φ
∂qf
)T
Λ = Qa +Qv +Qe
∂Φ
∂qf
q¨
f = Γ
(22)
or in matrix assembly: ⎡
⎣Mf ( ∂Φ∂qf )T
∂Φ
∂qf
0
⎤
⎦{q¨f
Λ
}
=
{
Q
Γ
}
(23)
where Q = Qa +Qv +Qe.
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Table 1. Properties of the mechanism moving parts.
# Type Length Section Area Section Area Moment Mass Inertia Moment
1 beam + ﬂywheel 150mm 3.142E-04m2 7.854E-09m4 0.368 kg 1.26069 kgm2
2 beam 400mm 1.767E-04m2 2.485E-09m4 0.551 kg 0.00735 kgm2
3 slender beam 350mm 3.848E-05m2 1.179E-10m4 0.105 kg 0.00107 kgm2
4 lumped mass - - - 2.206 kg 0.00184 kgm2
Table 2. Initial displacement and angular positions of the local reference frame in the mech-
anism moving parts.
# x0 y0 φ0
1 0.049608m -0.056250m 5.435123 rad
2 0.150000m -0.067712m 0.722734 rad
3 0.138631m 0.132288m -0.397298 rad
4 -0.022738m 0.200000m 0 rad
Table 3. Natural frequencies of the ﬂexible component 3 in free-free condition.
Mode Flexural Axial
num. frequency frequency
1 262.037Hz 7358.885Hz
2 722.314Hz 14717.769Hz
3 1416.024Hz 22076.654Hz
7(67&$6($48,&.5(78510(&+$1,60
The quick return mechanism selected to prove the approach is shown in Fig.2: it is composed
of a rotating crankshaft (part 1), an oscillating beam guide (part 2), a connecting slender
beam (part 3), a sliding mass (part 4) and the ground (part 0). All parts are considered to
be made of steel, modelled by means of 7800 kg/m3 for the density and of 2.07e+11 Pa for
the Young modulus. Revolute joint constraints connect part 1 and part 2 to the ground 0,
part 2 to part 3 and part 3 to part 4. The moving tip of part 1 is connected with a revolute
joint in a prismatic constraint to part 2, leaving free the relative rotation and translation along
the oscillating guide of part 2, without added inertia. The slider (part 4) is then linked to the
ground by means of a prismatic joint. A massive ﬂywheel is rigidly attached to part 1. Inertial
properties can be seen in Tab.1 for steel material, while the initial conﬁguration of Fig.2 can
be achieved with the positions listed in Tab.2.
The slender beam (part 3) can be modelled as being rigid or ﬂexible. To outline the
effectiveness of the approach, part 3 was simply modelled by means of a very slender, homo-
geneous, uniform beam shape functions, so that the ﬂexible behaviour is evident even from
within the displacement simulation plots. The displacement ﬁeld was modelled by means of
a truncated set of the axial and bending related shape functions. The ﬁrst three ﬂexible body
modes are highlighted in Tab.3.
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Figure 3. External force f4(t) of Eq.(24) acting on the slider - part 4, and driving torque
M1(t) of Eq.(25) acting on the crankshaft - part 1, with ω1 = 2π [rad/s], 1 stroke
Figure4. External forcef4(t)ofEq.(24)actingon theslider -part4,anddriving torque
M1(t)ofEq.(26)actingonthecrankshaft-part1,withω1= 20π[rad/s],2strokes
Inputshaping
Anexternal forceactingon theslider (part4)canbedeﬁned inEq.(24)asconstant in the
forward (active)directionandnearlynull in thequick returnphase,with smoothand fast
cosinusoidal steps at thebeginning and at the end, as canbe seenon the leftofFig.3 (1
stroke,1Hzorω1 = 2π [rad/s])andFig.4 (2 strokes,10Hzorω1 = 20π [rad/s]),with
f4m = f4min = 0.1N,f4M = f4max = 100N,tr = 0.15∗tactive = trise as theactive
timefractionfortherisingstep,tf = 0.25∗tactive =tfall  astheactivetimefractionforthe
fallingstep,bothbasedontheforwardslidermotion.
Table4.Externalforceandactuatorfunctionsonthemechanismparts.
# Type Start time End time Characterization Part
1 speciﬁc force mapping 0.000 s 4π/ω1 s Eq.(24) 4
2 speciﬁc torque mapping 0.000 s 4π/ω1 s Eq.(25) or Eq.(26) 1
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Figure 5. Quick return ﬂexible mechanism at time 0.08577 s and 0.10902 s. The operative
deﬂection shape is shown with a 3 bending basis functions for the ﬂexible body 3,
ω1 = 20π [rad/s]
f4(t) =
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
txm ≤ t ≤ txm + tr : f4m +
f4M−f4m
2 (1− cos(
(t−txm )π
tr
));
txM − tf ≤ t ≤ txM : f4m +
f4M−f4m
2 (1 + cos(
(t−txM+tf )π
tf
));
txM < t < txm : f4m ;
t > (txm + tr) : f4M ;
t < (txM − tf ) : f4M .
(24)
By means of the virtual power method [12], a proper torque was shaped to obtain the
crankshaft constant angular velocity ω1, without the inertial contributions:
M1(t) = −f
T
4 (t)r˙
G
G,4(t)/ω1. (25)
The driving torque, of Eq.(25) and Fig.3, is applied on part 1 with ω1 = 2π [rad/s]. No other
external force is applied, as summarised in Tab.4. While Eq.(25) can be roughly adequate for
the constant angular velocity target of the crankshaft in the forward direction of the slider, it
is not sufﬁcient to equilibrate the inertial forces in the quick return phase, especially when
the crankshaft velocity increases. Therefore a newly shaped torque is needed:
M1(t) =[−f
T
4 (t)r˙
G
G,4(t) + r¨
G
G,1(t)
Tm1r˙
G
G,1(t) + r¨
G
G,2(t)
Tm2r˙
G
G,2(t) + φ¨2J2φ˙2+
+ r¨GG,3(t)
Tm3r˙
G
G,3(t) + φ¨3J3φ˙3 + r¨
G
G,4(t)
Tm4r˙
G
G,4(t)]/ω1,
(26)
bymeansofthevirtualpoweroftheinertialgeneralisedforcesoftherigidbodieswiththe
assumptionofcrankshaftconstantvelocityandkinematicaccelerationsandvelocities.
Simulationresults
WiththeexternalforceofEq.24andtheactuatortorqueofEq.26,thewholesystemdynamics
wassimulated in the timedomainwith500divisions for the2strokes (durationof4π/ω1
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Figure 6. Simulated positions, velocities and accelerations of the part 3 centroid in the inte-
gration interval with rigid bodies for all parts, inertial torque compensation,
ω1 = 15π [rad/s]
Figure 7. Simulated positions, velocities and accelerations of the part 3 centroid in the inte-
gration interval with a ﬂexible body for part 3 (2 axial and 5 bending basis functions), inertial
torque compensation, ω1 = 15π [rad/s]
s) and 4 different crankshaft speeds, which should be constant during the entire motion:
ω1 = 15π, ω1 = 20π, ω1 = 25π and ω1 = 30π [rad/s]. The discussion is focused on the
behaviour of the ﬂexible body 3. For each of these speeds, the time histories of the rigid
dynamics are compared against those of the ﬂexible dynamics, by means of grouped charts
of positions, velocities and acceleration in the two axes of the plane. The ﬂexible dofs are
highlighted in the related ﬁgure captions.
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Figure 8. Simulated positions, velocities and accelerations of the part 3 centroid in the inte-
gration interval with rigid bodies for all parts, inertial torque compensation,
ω1 = 20π [rad/s]
Figure 9. Simulated positions, velocities and accelerations of the part 3 centroid in the in-
tegration interval with a ﬂexible body for part 3 (3 bending basis functions), inertial torque
compensation, ω1 = 20π [rad/s]
In Fig.5 two simulation frames of the whole mechanism are shown, sketching the part
3 with a bended shape, which is evolving during the simulation. Especially in the returning
phase of the mechanism, the vibrations of the slender beam of part 3 appear to be consistently
described by means of the limited set of shape functions, retained in the truncated orthogonal
basis.
In Figure 6 the dynamics with all rigid bodies is faced at the lowest speed considered,
ω1 = 15π [rad/s] for the crankshaft. This is the reference to map the differences when
the ﬂexibility is added by means of 2 axial and 5 bending basis functions for body 3, as
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Figure 10. Simulated positions, velocities and accelerations of the part 3 centroid in the
integration interval with rigid bodies for all parts, inertial torque compensation,
ω1 = 25π [rad/s]
Figure 11. Simulated positions, velocities and accelerations of the part 3 centroid in the
integration interval with a ﬂexible body for part 3 (2 axial and 3 bending basis functions),
inertial torque compensation, ω1 = 25π [rad/s]
depicted instead in Figure 7. From the latter it can be appreciated how the ﬂexible dofs
appear excessive at this modest speed of the mechanism, since only one mode (ﬁrst bending)
seems to be participating.
Figure 8 is the new reference when the crankshaft speed is raised to ω1 = 20π [rad/s],
always for 2 strokes of the quick return mechanism. The ﬁrst 3 bending related basis functions
are left to model the ﬂexibility of body 3, which appears quite excited in the dynamics shown
in Figure 9, especially for the ﬁrst bending shape, with lower frequency contribution (recall
Tab.3 for references).
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Figure 12. Simulated positions, velocities and accelerations of the part 3 centroid in the
integration interval with rigid bodies for all parts, inertial torque compensation,
ω1 = 30π [rad/s]
Figure 13. Simulated positions, velocities and accelerations of the part 3 centroid in the
integration interval with a ﬂexible body for part 3 (2 axial and 3 bending basis functions),
inertial torque compensation, ω1 = 30π [rad/s]
When the crankshaft speed is further raised to ω1 = 25π [rad/s], it was felt necessary to
add also 2 axial ﬂexible dofs, beside the 3 bending related ones. The comparison between the
charts in Figures 10 and 11 indeed manifests an added high frequency behaviour, especially
on the velocities and accelerations.
The same set of ﬂexible dofs (2 axial and 3 bending related) was used at the highest
crankshaft speed simulated, ω1 = 30π [rad/s]. While in the slow forward motion ([0-0.06]s
range) the ﬂexible mechanism behaves as the rigid one of Figure 12, from the fast returning
phase of the ﬁrst stoke it is evident that the modelled ﬂexibility in Figure 13 describes much
different phenomena, where the behaviour is dominated by oscillations as a mix of bending
15
and axial deﬂections. This clearly shows how the speed of a mechanism can change its
dynamic behaviour and how the proper modeling of the ﬂexibility plays a crucial role in the
right understanding of the reality and simulation limits.
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The simulations added in this work proved the concept for the meshless formulation of slen-
der beams for axial and bending deﬂections, speciﬁcally giving evidence of how the raising
speed can be a relevant change on the behaviour of the same mechanism, which requires
therefore the proper modeling to retain ﬂexible phenomena.
The proposed formulation give a lighter model than that from standard FEM and Craig-
Bampton reductions, though enhancements are needed for the sake of computational econ-
omy.
This work has shown examples of different selections of basis function contributions,
mixing bending- with axial- related structural dynamics. The best choice of the ﬂexible dofs
is surely feasible for an automated process, for the minimal and most efﬁcient selection. The
different modelling choices were tested on a quick return mechanism at different crankshaft
speeds.
Among the future developments, the validation of the procedure against other technolo-
gies, experiments and examples is felt as a priority. To develop further the methodology,
efforts are needed to extend the constraint library, to augment the internal and external gen-
eralised forces library and to improve the efﬁciency of the calculations. To further prove the
effectiveness of the meshless approach, applications to a wider set of real industrial mecha-
nisms, 3D and anisotropic problems are awaited.
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ABOUT THE MODELLING OF TEETHMESH
FLEXIBILITY IN PLANETARY GEARS
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Abstract. Gear mesh ﬂexibility is a varying and periodic quantity, which depends on several
geometric, motion and material parameters; in NVH and structural analyses of systems with
transmission problems this stiffness variability can play an important role on the design tar-
gets, such as sound quality and fatigue life estimation. Many times the tooth mesh ﬂexibility
in gears is modelled by means of lumped parameters formulas obtained from literature or by
means of complex ﬁnite element models of the contact.
In this work the roots of lumped parameters formulas were investigated, as a preliminary
and feasibility study for a potential research path in gear condition monitoring, noise source
& structural dynamics excitation modelling and transmission errors. Starting from the
kinematics of mating rigid teeth in planetary gears with a single stage, the time-varying
ﬂexibility contribution of each deﬂected pair is added with simple assumptions, resulting in
the parametric modelling of the torsional stiffness as a kinematics based periodic quantity.
Parameters were extracted from this approach, to explore a viable and computationally cost
effective geometry based method to model the torsional vibrations and transmission error in
planetary gears.
Keywords: teeth mesh ﬂexibility, planetary gears, torsional vibrations, transmission
error, gear mesh kinematics.
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Once the friction surfaces are substituted by means of geared wheels it becomes manifest that
the contact kinematics assumes a relevant role on the structural dynamics of the mated gears.
During the contact point motion on the tooth proﬁle, it is clear that the part of the cantilever
beam, supporting the contact forces, varies. Plus, when two geared wheels are in contact, the
number of tooth pairs exchanging forces are also function of the evolution of the contacts.
There results that the gear mesh ﬂexibility is a varying and periodic quantity, depending on
several parameters of different nature: geometric, motion and material related. This stiffness
variability can play an important role on the design targets, such as sound quality and fa-
tigue life estimation, in NVH and structural analyses of systems with transmission problems,
especially where many gears are gathered on the same transmission line, thus crowding the
dynamic signature of the whole system with time- or -kinematic dependent phenomena.
In the recent past the tooth mesh ﬂexibility in gears was modelled by means of lumped
parameter models, better known as formulas to ﬁt the problem [1–5], but loosing the direct
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connection with gear mesh design, on the path to optimise the gear proﬁle for vibro-acoustic
and life prediction targets. Complex ﬁnite element models have been built to investigate
the teeth contact [6, 7] in detail, but they need a huge number of degrees of freedom (dofs),
re-meshing strategies and are generally computationally intensive.
The idea behind this work is to regain the connection to gear mesh design by means of
a kinematics based approach that describes the mesh stiffness variability, to be later ﬁtted by
means of any functional series or polynomial, without the need of costly FEMs. Therefore in
this work the roots of lumped parameters formulas were investigated starting from the teeth
proﬁle, the pairs in contacts and the structural contribution of each teeth. The output of this
basic work has to be seen as a preliminary and feasibility study for a potential research path
in gear condition monitoring, noise source & stuctural dynamics excitation modelling and
transmission errors [8, 9]. In details, the study is performed over a simple planetary gear
stage from the kinematics of mating rigid teeth; by means of simple assumptions, the time-
or kinematics- varying ﬂexibility contribution of each deﬂected pair is added, resulting in
the parametric modelling of the torsional stiffness of the whole stage as a kinematics based
periodic quantity. Parameters were extracted from this approach such as the eigenvalues, to
explore a viable and computationally cost effective geometry based method to model the tor-
sional vibrations and transmission error in planetary gears. The assumptions, the formulation
and results for the simple single stage planetary gearbox are discussed in detail, together with
expected future developments.
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In the technical literature twomainstreamsarepursued. Theﬁrst tries,witha typicalfor-
mulation,toreproduce,orcurve-ﬁt,theeffectsfoundonthestiffness,asfunctionofangular
position[1–5]. Thesecondapproach isbasedonFEM,withagreatcareof thecontactar-
eas[6,7].
Typicalformulation
Amongwhatcanbefound,belowaresummarisedthemaintrendsintypicalformulationfor
gearstiffness:
• empirical formulas, e.g. Kuang & Yang [1], can model the stiffness of the tooth as the
contact is located at r radius:
K(r) = C[(A0 +A1x) + (A2 +A3x)
r−R
m(1+x) ]
where:
A0 = a00 + a01Z + a02Z
2 + a03Z
3
A1 = a10 + a11Z + a12Z
2 + a13Z
3
A2 = a20 + a21Z + a22Z
2 + a23Z
3
A3 = a30 + a31Z + a32Z
2 + a33Z
3
C and aij are constants to be determined for each gear mesh (thus the question on how
with speciﬁc variations), x is the correction ratio, m is the module of the wheel, Z is
the teeth number, R is the pitch or primitive radius.
• simple formulas, to represent the stiffness variability as a rectangular or trapezoidal
wave with mesh period Tm = 2π/Ω, Ω as mesh frequency.
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Figure 1. Meshes of paired teeth for contact analysis by means of FEM.
Sources: [10], metsindia.com, ww3.cad.de
• Fourier series formulas (e.g. [10–13]), to model the stiffness of the tooth pair as a
periodic function, by means of a sum of the constant term kg with variable contributions
kv(t), later expanded in series, with t as evolutionary variable and l the domain span:
k(t) = kg + kv(t) = kg +
∑∞
s=1 k
s
asin(
2sπ
l
t) + ksbcos(
2sπ
l
t)
where kg =
2
l
∫ l
0
k(t)dt, ksa =
2
l
∫ l
0
k(t)sin( 2sπ
l
t)dt, ksb =
2
l
∫ l
0
k(t)cos( 2sπ
l
t)dt are
Fourier coefﬁcients, or:
k(t) = kg +
∑∞
s=1 d
sejsΩt + c.conj. when complex exponential are used instead.
21
Figure2.Exampleofasinglestageplanetarygearanditsscheme
The latterseemssuitable foranystiffnessmodel, thereforecanbe takenasa referencefor
thetaskofthiswork,where,instead,effortsarefocusedtobuildasimplegearmeshstiffness
model.
FEcontactmodelling
The precise geometry of the teethmesh has been analysed by computing intensiveﬁnite
elementmodels,as thoseshown inFigure1. Criticalaspectsaremanifest thatprevent the
easyusageofFEM:
• size of the FE models: each wheel needs its proper ﬁne mesh, with thousands of nodes,
especially on the contact surfaces;
• pairing of moving meshes: during the contact evolution, the point-area on the deﬂected
proﬁle where the teeth mate themselves is moving, therefore any constraint equation
need complex parametrisation to take care of the exact boundary conditions and nodes
in the peculiar position;
• re-meshing issues: a means to limit the boundary condition parametrisation might be
the regeneration of the FE mesh in each gear position, to be sure that nodes are facing
each other on the mating tooth pairs, but this requires a great managing of the results
in the different meshes;
• reduction issues: to overcome the size of the models, redutcion strategies can be
adopted by means of ﬁnding a dynamically equivalent truncated modeshape base as
in [14], but again with attention paid to the moving contact;
• easily non-linear: to better model the deformation of each tooth it might be useful to
evolve the FEM into the non-linear approaches, though even more expensive;
• costs: following the contact evolution with accurate and highly detailed FE models
appears to be computationally expensive.
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Figure 3. Basic concepts of teeth proﬁle construction
While FEmodels can ﬁnd their place in designing the teeth for challenging transmissions,
it appears to the author infeasible to adopt such formulation for the study of resonances in
planetary gears.
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The basic idea here proposed is toﬁnd a simplemodel of varying stiffness given by the
toothpairs,asfunctionofthekinematicpositionwhenthewheelsaresupposedtoberigid.
Thereforetheelasticityintroducedwillnotchangetheexactsolutionoftherigidbodymotion,
butwillbeinsteadusedtomapthevariabilityoftheproblemaroundthedeﬁnedlocations.
Recallofbasicconceptsininvolutegeartoothcontacts
WhenapproachingthemodelingofthesinglestageplanetarygearofFigure2,aruleforthe
generationoftheteethproﬁlehastobechosen.Therefollowstheselectionofthetransmis-
sionratioτ ,ofthepressureangleαandofthetoothmodulusmtogeneratethegearmesh.
IntheexampleofFigure2thecrownwheelisﬁxed(ω3 = 0)andnocorrection(x= 0)has
tobeconsidered.
With thequantitieshighlighted inFigure3, the locationof thepointP on the tangent
to thebasecircleof radiusrb (alsonormal to theproﬁle)canbedeﬁnedby the following
relationsforstandardinvolutegears:{
r = r(θ) = rb/cos(θ)
δ = δ(θ) = tan(θ)− θ
−− > δ = δ(r) = tan(acos(rb/r))− (acos(rb/r)) (1)
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Figure 4. Teeth involute proﬁle, single geared wheel and 1 stage gearbox assembly
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Figure 5. Limits of the angular location of the contacts
picture. The outer radius rt imposes a constraint on the geometry of the tooth proﬁle:
Limits:
{
θmax = acos(rb/rt)
δmax = tan(θmax)− θmax
(2)
The toothproﬁle is therefore justa smallportionof the involutecurve,but respecting the
rollingprimitivekinematics: theprimitivewheelcanbebuiltwiththeteethhavingthispro-
ﬁle,asininFigure4toprightpicture,withaddedroundingatthefootofthetooth,insidethe
basecircle.BasedonthekinematicsdescribedbyEqs.1-2,alltheteethoftheplanetarygears
ﬁnd theproperdesignandrightassemblyas inFigure4bottompicture,where thecontact
lines(r12 andr23)betweenthegearshavebeendrawninthisgearedwheelconﬁguration.
Thecontactlinebecomesusefultodeﬁnetheangularpositionswherethematingtooth
pairmeetsand leaves thecontacton thepushingside,ascanbeseen inFigure5. The top
circlesofeachgearedwheelintersectwiththecontactline:thegreencircleofwheel2meets
theredcontactlinewheretheteethstartthemating,whilethebluecircleofwheel1crosses
theredcontactlinewheretheteethleavethepairing,showingthelimitphasesthatareactive
forthetransmissionofasingletoothpair.ButfromthegeometryofFigure5itispossibleto
appreciatealsothepresenceofmorethanonematingpairalongthewheelrotations.
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Inordertomodelthetoothcontributiontothetorsionalstiffnessofthewholegearedwheel,
somesimplifyingassumptionwere introduced. TheEqs.1-2havedescribed the toothwith
This parametric relation is for an inﬁnite growing involute curve, as in in Figure 4, top left
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Figure 6. Scheme for the strong approximation of the tooth proﬁle in stiffness estimation
a varying proﬁle; taking advantage of the notations in Figure 6, the height of the section
orthogonal to the tooth axis can be simply evaluated:
sA = 2rcontactsin[(γ − 2δcontact)/2] (3)
while the distance from the rigid hub of the wheel, where the cantilever beam can be consid-
ered constrained, is:
hcontact = rcontactcos[(γ − 2δcontact)/2]− rfoot (4)
The basic assumption consists in considering only the contribution of a beam with con-
stant section from the contact point to the foot of the tooth, therefore of w x sA dimension,
where w is the width of the wheel. The section inertia becomes:
JA = ws
3
A/12 (5)
With this simple assumption the mass over the contact point is not considered, as well as the
material that is shaved from the real proﬁle when taking a beam with constant section that is
enveloped by the real proﬁle. The compromise taken should not alter boldly the inﬂuences on
the natural frequencies of the entire system. Future enhancements might take care of better
assumptions, e.g. considering the functionally tapered section.
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Figure 7. Equivalent stiffness for the contacts between wheels 1 & 2 as function of the sun
wheel rotation
Figure8.Numberofmatingpairsforthecontactsbetweenwheels1&2asfunctionofthe
sunwheelrotation
Cantileverbeamstiffness
Oncetherealtoothhasbeensubstitutedbythecantileverbeamwiththeconstantsection&
lengthinthecontactpoint,thebendingstiffnessofeachtoothcanbeeasilymanaged:
kb,c =
3EJA
h3contactcos
2(βcontact)
(6)
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Figure 9. Equivalent stiffness for the contacts between wheels 2 & 3 as function of the planet
wheel rotation
where hcontact is the length of the cantilever beam assumed and E is the Young’s modulus
of the material.
By transforming the tangential deﬂection, due to the tooth bending, into a torsional or
angular deﬂection of the wheel by means of energy criteria, the torsional stiffness contribution
of a single tooth is evaluated:
kθ,b,c = kb,cr
2
b (7)
Matingpairs
The teeth inamatingpairbelong to twodifferentgearedwheels,butcanbeconsideredas
springs in series, therefore theoverallcontributionofa singlematingpair to the torsional
stiffnesscanbeeasilyevaluated:
keq
serie(i,j) =
kθ,b,cikθ,b,cj
kθ,b,ci + kθ,b,cj
(8)
Instead, when n pairs are involved in the transmission, their contribution is that of springs
in parallel layout, which yields:
keq
parallel(i,j) =
n∑
t=1
keq
serie(i,j,t) (9)
Overviewofsomeresults
Inordertoprovetheoutputofthesimplemodelaboveobtained,anexamplewasbuiltwith
thefollowingparametersforaplanetarygearsinglestage: totaltransmissionratioτ = 1/7,
toothmodulem= 1[mm],w= 5masthewidthofthetooth,pressureangleα=20[deg],
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Figure10.Numberofmatingpairsforthecontactsbetweenwheels2&3asfunctionofthe
planetwheelrotation
elasticitymodulusE = 2.1e11[N/m2]. InFigure7and9 the torsionalstiffness resulting
fromEquation9hasbeensketchedalongtherotation,showingamarkedvariabilityduring
thecontact;also,thevariabilityhassomedifferenceintheshapes,dependingonwhichmated
wheelsareconsideredintheplanetarystage,linkedtothenumberofmatedteeth. InFigure
8and10thenumberofmatedpairsarethusshown:whiletheybothhaveanumberofpairs
between1and2,themeanvalueismarkedlydifferent,beingtheﬁrstcloseto1.4,whilethe
secondcloseto1.9,whichmeansabettersharingoftheloadamongtheteeth,withastrong
dropwhenonlyonepair is incontact;besides, thesmoothshapeon the topofFigure9 is
quitesimilartothatofFigure7,exceptforthedrasticdropquotedabove.
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Theabovementionedvariabilityof the torsionalstiffnessof thecontactshaseffectson the
dynamic signature of the planetary gear single stage. As in [15–17], a kinematics based
variabilityof the eigenproblem canbe addressed. A lumpedmodelof theplanetarygear
(oneplanetonlybeconsidered)canbe setup following the scheme inFigure11, and the
motionequationsforsmalltorsionaloscillationaroundthekinematicpositionofinterestcan
bedrawnbymeansofLagrangianapproach,oneplanetonlybeingconsidered.
Systemequations
ThesysteminFigure11canmemodelledwith5dofsfollowing[18],sincetheinputshaft,
thesunwheel, theplanets, theplanetcarrierand theoutputshaftneed tobeconsideredas
connectedbytorsionalsprings.
The kinetic energy of the system can be evaluated by:
T =
1
2
[
J1θ˙
2
1 + J2θ˙
2
2 + (Jp +m2r
2
p)θ˙
2
p + Jinθ˙
2
in + Joutθ˙
2
out
]
(10)
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Figure 11. Lumped model of the planetary single stage gearbox: top and side views
The elastic potential can be evaluated by:
U =
1
2
[kθ1,2(θ1 − θ2 − θpcosα)
2 + kθ2,3(θ2 − θpcosα)
2+
+ kθin(θin − θ1)
2 + kθout(θout − θp)
2]
(11)
The work of the external generalised forces is:
W = Minθin +Moutθout (12)
The motion equations from Lagrange function L = T − U follow:
d
dt
(
∂L
∂Θ˙
)
−
∂L
∂Θ
=
∂W
∂Θ
(13)
where:
Θ = [θp, θ1, θ2, θin, θout]
T (14)
is the vector of the rotational dofs.
Disregarding any damping it yields [18]:
JΘ¨(t) +Kθ(Θ, t)Θ(t) =M(t) (15)
where:
J = diag[Jp +m2r
2
p, J1, J2, Jin, Jout] (16)
Kθ(Θ, t) =
⎡
⎢⎢⎣
kθout+(k˜θ1,2+k˜θ2,3 )cosα −k˜θ1,2 k˜θ1,2−k˜θ2,3 0 −kθout
kθ1,2+kθin −kθ1,2 −kθin 0
kθ1,2+kθ2,3 0 0
kθin 0
symm. kθout
⎤
⎥⎥⎦ (17)
k˜θi,j = kθi,jcosα (18)
M(t) = [0, 0, 0,Min,Mout]
T (19)
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Eigenvalueanalysis
Tofocustheattentiononthegearmeshﬂexibilityandvariabilityduringthecontactevolution
a simpliﬁed systemwithout torsional contribution of external shafts has been considered,
droppingthetorsionalcontributionoftheexternalshafts,thusreducingthesystemto3dofs.
The eigenvalue analysis is therefore based on the following equations:
JΘ¨(t) +Kθ(Θ, t)Θ(t) = 0 (20)
where:
J = diag[Jp +m2r
2
p, J1, J2] (21)
Kθ(Θ, t) =
[
(k˜θ1,2+k˜θ2,3 )cosα −k˜θ1,2 k˜θ1,2−k˜θ2,3
kθ1,2 −kθ1,2
symm. kθ1,2+kθ2,3
]
(22)
λ = eig(J−1Kθ(Θ, t)) (23)
In Figure 12 the example is built with the following parameters: τ = 1/7, m = 1[mm],
w = 5m, α = 20[deg], E = 2.1e11N/m2. Thanks to the variability of the stiffness as in
Eq.(22), the eigenvalues of Eq.(23) undergo a pronounced oscillation in the calculated ranges,
proving the stiffness dependence on the contact evolution, therefore as a source of parametric
excitation and torsional oscillations.
&21&/86,216
What here proposed has served as a proof of concept. In the present work, by means of
simple assumptions, an elastic model of a planetary gear stage has been drawn, with a special
focus on the kinematics based quantities that affect the variability of the overall stiffness
properties. The obtained variable stiffness charts become feasible for the ﬁtting by means
of Fourier series based formulas found in literature. In the proposed procedure it will be
easy to monitor the effect of evolutionary implementations for ﬁner hypotheses and model
reﬁnements. The shown results are transferable to other investigations: design, monitoring &
diagnostics, for a clear understanding of gear mesh stiffness phenomena.
Future developments will take care of the variations in the teeth proﬁle for proper gear
correction practice. Improvements in the tooth elasticity modelling are also expected, by
means of enhancements in the modelling assumptions and ﬁner calculations. Developments
are awaited on the side of proper lubricant ﬁlm modelling among the teeth in contact. A
spectral approach might be used to enhance the modelling of tooth ﬂexibility as function of
its dynamics by means of proper shape functions [19–21]. Nonetheless, the efﬁciency of
the calculations is crucial to include all these enhancements in the modelling to extend the
applications to a wider set of real industrial problems.
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Figure 12. Eigenvalue analysis as function of the sun wheel rotation. First eigenvalue in the
range of [6.5− 9.5]x105, second in [3.0− 7.0]x107 and third in [1.8− 2.7]x108.
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The  aim  of  this  study  was  to  examine  the  applicability  of  digital  image
correlation (DIC) for the analysis of multi-vertebrae spine segments.  The focus was on the 
strain distribution in the hard tissues (vertebrae) and soft tissues (intervertebral discs).  In 
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6SLQH LV WKH PRVW FRPSOH[ VWUXFWXUH LQ WKH KXPDQ VNHOHWDO DSSDUDWXV ZLWK WKH WDVN RI
VXVWDLQLQJWKHERG\SHUPLWWLQJWKHPRYHPHQWVDQGSURWHFWLQJWKHVSLQDOFRUG7KLVVWUXFWXUH
LVPDGH RIZLWK VHYHUDO YHUWHEUDHZKLFK DOORZ WKHPRYHPHQW LQ IOH[LRQH[WHQVLRQ ODWHUDO
EHQGLQJDQGD[LDOURWDWLRQ>@$FFLGHQWVSDWKRORJLHVDQGVWUHVVHVFDQLQMXU\WKHVSLQHZLWK
D VHULHV RI FRPSOLFDWLRQV WKDW UHGXFHV WKH OLIH TXDOLW\ ,Q RUGHU WR UHHVWDEOLVK VSLQH
IXQFWLRQDOLW\ DQG WR FRUUHFW GHIRUPLWLHV VXFK DV K\SHUN\SKRVLV DQG VFROLRVLV YDULRXV
W\SHVRIVXUJHULHVDUHSHUIRUPHGZLWKWKHLPSODQWDWLRQRIVFUHZVDQGEDUV8QIRUWXQDWHO\LQ
D VLJQLILFDQW QXPEHU RI FDVHV WKH RSHUDWLRQ IDLOV DQG D QHZ VXUJHU\ LV QHHGHG >@
BBBBBBBBBBBBBBBBBBBBBBB
*()8QGLFHVLPD*LRUQDWDGL6WXGLR(WWRUH)XQDLROLOXJOLR%RORJQD
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7KHUHIRUH LW LV LPSRUWDQW WRVWXG\ WKHSURSHUWLHVDQG WKHELRPHFKDQLFVRI WKHVSLQHXQGHU
GLIIHUHQWFRQGLWLRQVRIORDG
7UDGLWLRQDOWHFKQLTXHVOLPLWWKHPHDVXUHPHQWRIWKHGLVSODFHPHQWVWRVSHFLILFSRLQWVRQ
WKH ULJLG ERQH YHUWHEUDH DQG GR QRW FRQVLGHU WKHGLVWULEXWLRQRI GHIRUPDWLRQRI WKH VRIW
WLVVXHVLQWHUYHUWHEUDOGLVFV
6LQFHWKHVSLQHLVFRPSRVHGRIVRIWWLVVXHVLQWHUYHUWHEUDOGLVFVDQGOLJDPHQWV>@DQGKDUG
WLVVXHV YHUWHEUDH LW LV LPSRVVLEOH WR HYDOXDWH WKH GLVSODFHPHQWV DQG VWUDLQV XQGHU
SK\VLRORJLFDOORDGLQJFRQGLWLRQVZLWKWUDGLWLRQDOVWUDLQPHDVXUHPHQWWHFKQLTXHVHJVWUDLQ
JDXJHV>@>@
,QWKHODVW\HDUV'LJLWDO,PDJH&RUUHODWLRQ',&KHOSHGWRLQYHVWLJDWHWKHELRPHFKDQLFV
PHDVXULQJ WKH GLVSODFHPHQWV DQG VWUDLQV LQ D FRQWDFWOHVV ZD\ DQG SURYLGLQJ D IXOOILHOG
YLHZRIWKHH[DPLQHGVXUIDFH>@>@
7KH DLP RI WKLV ZRUN ZDV WR H[SORUH WKH DSSOLFDELOLW\ RI ',& WR VWXG\ PXOWLYHUWHEUDH
VHJPHQWVDQDO\VLQJERWKULJLGDQGGHIRUPDEOHSDUWVVLPXOWDQHRXVO\RQYHUWHEUDOERQHDQG
LQWHUYHUWHEUDO GLVF LQ D IXOO ILHOG YLHZ RI WKH H[DPLQHG VXUIDFH0RUHRYHU',& DOORZHG
REWDLQLQJVRPHLQIRUPDWLRQDERXWWKHGLUHFWLRQRIWKHVWUDLQERWKRQKDUGDQGVRIWWLVVXH
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1RQGHVWUXFWLYH WHVWV ZHUH SHUIRUPHG ZLWK D WHVWLQJ PDFKLQH ZKLOH WKH GHIRUPDWLRQ ZDV
HYDOXDWHGZLWKWKH',&V\VWHP
)LJXUH$FRQILJXUDWLRQRIWKHWHVW9LHZRIWKHVSHFLPHQLQWKHORDGPDFKLQH7KHXSSHUSRW
ZDVIL[HGWRWKHWRSRIWHVWLQJPDFKLQHZKLOHWKHORZHUSRWZDVSODFHGRQDVSKHULFDOMRLQWDQG
WKLVMXQFWLRQFRXOGPRYHRQDUDLO,QWKLVWHVWWKHUDLOZDVVHWILUVWLQDQWHULRUSRVWHULRUGLUHFWLRQ
DQG LQ ODWHURODWHUDOGLUHFWLRQ%& YLHZRI WKHORZHUVHWXS%IURQWYLHZ&XSSHUYLHZ'
IRXUYHUWHEUDHVHJPHQWRIVSLQHZLWKZKLWHRQEODFNSDWWHUQ
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3UHSDUDWLRQRIVSHFLPHQV
7KUHH VHJPHQWVRI IRXUYHUWHEUDHZHUHH[WUDFWHG IURPSRUFLQH OXPEDU VSLQHV6RIW WLVVXHV
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ZLWKWKHUHVHFWLRQRIWKHDQWHULRUOLJDPHQW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WKHDQWHULRUSDUWRIWKHYHUWHEUDOERG\DQGLQWHUYHUWHEUDOGLVFV:LWKWKHKHOSRIVXUJHRQVLQ
WKHSRVWHULRUVLGHDOOVRIWWLVVXHVOLJDPHQWVDQGSDUWVRIPXVFOHV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LQWHUYHUWHEUDOGLVFVWKHYHUWHEUDHZDVULJLGFRPSDUHGWRWKHLQWHUYHUWHEUDOGLVF

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%RWKLQIOH[LRQDQGODWHUDOEHQGLQJWKHWHVWVVKRZHGWKHGHIRUPDWLRQRIWKHGLVFRQHVLGH
ZRUNHGLQFRPSUHVVLRQZKLOHWKHRWKHUVLGHZRUNHGLQWUDFWLRQ
'XULQJ WKH IOH[LRQ WKH IURQWDO SDUW RI WKH LQWHUYHUWHEUDO GLVFZDV FRPSUHVVHGEXW WKH
PLG SDUW VKRZHG D OLWWOH UHJLRQ ZLWK WHQVLOH KRRS VWUDLQ ,Q IDFW ZKHQ WKH GLVF LV LQ
FRPSUHVVLRQLWVZHOOVDQGVRWKHFHQWUDOSDUWRIWKHVXUIDFHH[SDQGV
6LQFH WKH VSHFLPHQVEHORQJHG WR\RXQJDQLPDOV',&VKRZHGDOVRWKHGHIRUPDWLRQRI WKH
FDUWLODJHSDUWRIWKHYHUWHEUDOERQHJURZWKSODWH
&21&/86,21
7KLV VWXG\ VKRZHG WKH DSSOLFDELOLW\ RI',& V\VWHPRQFRPSOH[VSHFLPHQV WRH[DPLQH LQ
GHWDLOWKHELRPHFKDQLFVRIVSLQHLQWHUPVRIGLVSODFHPHQWDQGVWUDLQRIYHUWHEUDOERG\DQG
LQWHUYHUWHEUDOGLVF7KHVHSRWHQWLDOLWLHVFRXOGRSHQWKHZD\WRIXUWKHUDSSOLFDWLRQRI',&LQ
VWXG\LQJWKHELRPHFKDQLFDOEHKDYLRXURIKXPDQVSLQHV
5()(5(1&(6
 .RZDOVNL5-/$)HUUDUDDQG(&%HQ]HOBiomechanics of the Spine.
 /DX ' HW DOProximal junctional kyphosis and failure after spinal deformity surgery.
63,1(
 %HKUVLQ-DQG&%ULJJVLigaments of the lumbar spine: a review.6XUJLFDO5DGLRORJLF
$QDWRP\S
 %UDQGROLQL 1 / &ULVWRIROLQL DQG 0 9LFHFRQWL Experimental Methods for the
Biomechanical Investigation of the Human Spine: A Review. -RXUQDO RI 0HFKDQLFV LQ
0HGLFLQHDQG%LRORJ\S
 *UDVVL/DQG+,VDNVVRQExtracting accurate strain measurements in bone mechanics: a
critical review of current methods.6FLHQFH'LUHFW
 3DODQFD 0 * 7R]]L DQG / &ULVWRIROLQL The use of digital image correlation in the
biomechanical area: a review.,QWHUQDWLRQDO%LRPHFKDQLFV
 )UHGGL$*2OPL DQG / &ULVWRIROLQLExperimental Stress Analysis fot Materials and
Structures.
 /LRQHOOR*&6LULHL[DQG0%DOHDQLAn effective procedure to create a speckle pattern
on biological soft tissue for digital image correlation measurements. - 0HFK %HKDY
%LRPHG0DWHUS
)LJXUH 'LIIHUHQWGHIRUPDWLRQVRIYHUWHEUDOERQHVJURZWKFDUWLODJHVDQGLQWHUYHUWHEUDOGLVFV
GXULQJD ODWHUDOEHQGLQJ/HIW LPDJHVKRZV WKHSULQFLSDO VWUDLQ WKHFHQWUDO LPDJHVKRZVWKH
VSHFLPHQDVVHHQLQUHDOOLJKWWKHULJKWLPDJHVKRZVWKHSULQFLSDOVWUDLQ
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Abstract.  This work analyses the properties and the magneto-mechanical characteristics of 
magnetorheological elastomers, smart materials not yet broadly known. The first part of 
the research was the manufacturing of several samples, each containing a different 
percentage of ferromagnetic material inside its viscoelastic matrix. The purpose was to 
create isotropic and anisotropic samples, respectively with random or aligned distribution 
of ferromagnetic particles. The next step was the study of the mechanical behaviour of each 
sample, by conducting a compression test (in presence and in absence of an external 
magnetic field) and a 3-point bending test. From the experimental data, the value of 
stiffness, deformation at maximum stress and dissipated specific energy were calculated. 
The results were analysed using both charts and ANOVA results. A systematic description 
of the obtained results highlighted a strong correlation between the percentage of 
ferromagnetic material in each sample and its mechanical response. The alignment of 
ferromagnetic particles in columnar structures also affected the stiffness values during the 
compression test. It was also shown that having an external magnetic field reduces the 
samples deformation. Using ANOVA results as guidelines, it is possible to generate reliable 
predictions regarding the mechanical response of the MRE. 
Keywords: elastomer, magnetorheological, MRE, smart materials, viscoelasticity 
 ,1752'8=,21(
/R VWXGLR GHJOL HODVWRPHUL PDJQHWRUHRORJLFL PDWHULDOL GL FXL VL FRQRVFRQR VROR
SDU]LDOPHQWH OH SURSULHWj H RJJHWWR ILQRUD VROR GL VSHFLDOL DSSOLFD]LRQL GL QLFFKLD QDVFH
GDOODFXULRVLWjYHUVRXQPDWHULDOHYLVFRHODVWLFRYHQGXWRFRPHJLRFDWWRORLO6LOO\3XWW\>@
BBBBBBBBBBBBBBBBBBBBBBB
*()8QGLFHVLPD*LRUQDWDGL6WXGLR(WWRUH)XQDLROLOXJOLR%RORJQD
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,O6LOO\3XWW\qSUREDELOPHQWHO¶HVHPSLRSLHIILFDFHGLPDWHULDOHYLVFRHODVWLFRSRLFKpq
LQFUHGLELOPHQWHULJLGRSHUUDSLGHGHIRUPD]LRQLPHQWUHqPROWRGHIRUPDELOHHPDOOHDELOHVH
VROOHFLWDWROHQWDPHQWH>@
,O 6LOO\ 3XWW\ q XQ SROLPHUR D EDVH VLOLFRQLFD FRPSRVWR SULQFLSDOPHQWH GD
SRO\GLPHWK\OVLOR[DQH 3'06 VLOLFH DFLGR ERULFR HG DOWUL DGGLWLYL VHFRQGDUL /H VXH
FDUDWWHULVWLFKHYLVFRHODVWLFKHVRQRSULQFLSDOPHQWHGRYXWHDOODSUHVHQ]DGL3'06>@
1HOOD PDJJLRU SDUWH GHOOH VLWXD]LRQL LO FRPSRUWDPHQWR GHO 6LOO\ 3XWW\ SXz HVVHUH
UDSSUHVHQWDWRFRQXQPRGHOORGL0D[ZHOOXQDVHULHGLPROODHVPRU]DWRUHSRLFKpKDXQ
FRPSRUWDPHQWRTXDVLIOXLGRDQFKHVHXQODYRURGL&URVV>@XWLOL]]DXQPRGHOORGL=HQHU
SHUODVXDGHVFUL]LRQH4XHVWRPRGHOORDQFKHFKLDPDWRPRGHOORVROLGROLQHDUHVWDQGDUGq
OHJJHUPHQWHSL HYROXWRGHOPRGHOORGL0D[ZHOO HG q LOPRGHOOR WLSLFDPHQWH FRQVLGHUDWR
SHUODGHVFUL]LRQHGHJOLHODVWRPHULPDJQHWRUHRORJLFL
,O PRGHOOR VROLGR OLQHDUH VWDQGDUG SHUPHWWH GL GHVFULYHUH ROWUH DO IHQRPHQR GHOOR
VFRUULPHQWRYLVFRHODVWLFR WLSLFRGHL IOXLGLYLVFRHODVWLFL DQFKH L IHQRPHQLGL UHFRYHU\HGL
FUHHS
)LJXUD0RGHOORVROLGROLQHDUHVWDQGDUGRPRGHOORGL=HQHU
 0$7(5,$/,0$*1(725(2/2*,&,
7LSLFDPHQWH L PDWHULDOL PDJQHWRUHRORJLFL FRQVLVWRQR GL SDUWLFHOOH IHUURPDJQHWLFKH
PLFURPHWULFKH VRVSHVH LQ XQD PDWULFH QRQ PDJQHWLFD /H LQWHUD]LRQL PDJQHWLFKH WUD OH
SDUWLFHOOH LQ TXHVWL PDWHULDOL FRPSRVLWL GLSHQGRQR GDOO¶RULHQWDPHQWR PDJQHWLFR GL RJQL
SDUWLFHOODHGDOODUHOD]LRQHVSD]LDOHWUDHVVH4XHVWRGjOXRJRDGXQLQWHUHVVDQWHQXPHURGL
IHQRPHQLPDJQHWRPHFFDQLFL7UDTXHVWR WLSRGLPDWHULDOL ULFRUGLDPR IOXLGL VFKLXPHJHO
HGHODVWRPHULPDJQHWRUHRORJLFL
)OXLGLPDJQHWRUHRORJLFL
, IOXLGL PDJQHWRUHRORJLFL 05) VRQR VRVSHQVLRQL GL SDUWLFHOOH IHUURPDJQHWLFKH
PLFURPHWULFKHLQXQOLTXLGRFKHSXzHVVHUHXQROLRRDFTXD4XHVWDPLVFHODFUHDXQOLTXLGR
OHFXLSURSULHWjUHRORJLFKHVRQRLQIOXHQ]DWHGDXQFDPSRPDJQHWLFR
7LSLFDPHQWHLIOXLGLPDJQHWRUHRORJLFLSUHVHQWDQRXQ¶HOHYDWDFRQFHQWUD]LRQHLQYROXPH
GLSDUWLFHOOHIHUURPDJQHWLFKHODTXDOHRVFLOODGDODO
,Q XQ IOXLGR PDJQHWRUHRORJLFR OH SDUWLFHOOH IHUURPDJQHWLFKH UHVWDQR FDVXDOPHQWH
GLVWULEXLWHQHOOLTXLGRLQDVVHQ]DGLFDPSRPDJQHWLFRPDDFTXLVLVFRQRXQDSRODUL]]D]LRQH
PDJQHWLFDIRUPDQGRFDWHQHLQSUHVHQ]DGLXQFDPSRPDJQHWLFRRSSRUWXQR>@
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4XHVWHFDWHQHSRVVRQRDQFKHHVVHUH LQWHUFRQQHVVHH UDPLILFDUVLIRUPDQGRILEULOOH3HU
ULXVFLUHDURPSHUHTXHVWLFOXVWHUGLFDWHQHILEULOOHqQHFHVVDULRHVHUFLWDUHXQDH[WUDIRU]DFKH
UHQGHLOFRPSRUWDPHQWRQRQQHZWRQLDQR
6LQ GDOOD ORUR VFRSHUWD L IOXLGL PDJQHWRUHRORJLFL VL VRQR ULYHODWL DGDWWL D PROWH
DSSOLFD]LRQL PD DFFDQWR D TXHVWL YDQWDJJL YL VRQR SHUz DQFRUD LQFHUWH]]H ULJXDUGDQWL LO
UDJJLXQJLPHQWRGLHOHYDWHSUHVWD]LRQLODVWDELOLWjODGXUDWDQHOWHPSRHODVHGLPHQWD]LRQH
1RQRVWDQWHQRQVLDQRDGDWWDELOLD WXWWH OHDSSOLFD]LRQLGHL IOXLGLPDJQHWRUHRORJLFLJOL
HODVWRPHUL PDJQHWRUHRORJLFL 0DJQHWR5KHRORJLFDO (ODVWRPHUV 05( SRVVRQR VXSHUDUH
DOFXQLGHLSUREOHPLGHLIOXLGL05JUD]LHDOODORURPDWULFHVROLGD
(ODVWRPHULPDJQHWRUHRORJLFL
*OL05(FRPSUHQGRQRXQDJUDQGHYDULHWjGLPDWHULDOLFRPSRVLWLWLSLFDPHQWHFRQVLVWHQWLGL
SDUWLFHOOHIHUURPDJQHWLFKHLPPHUVHLQXQDPDWULFHHODVWRPHULFDQRQPDJQHWLFD>@
/DVHOH]LRQHGHLFRPSRQHQWLSHUHODVWRPHULPDJQHWRUHRORJLFLOHWHFQRORJLHSHUODORUR
IDEEULFD]LRQHHLPRGHOOLPDWHPDWLFLFKHPHJOLRVLDGDWWDQRDOOHORURSURSULHWjPHFFDQLFKH
VRQR SUREOHPL VFLHQWLILFL UHFHQWL FKH WURYDQR VROR SDU]LDOL WUDWWD]LRQL QHOOD OHWWHUDWXUD
VFLHQWLILFD>@
,O IOXLGRPDJQHWRUHRORJLFRSXzHVVHUHLQSULPDDSSURVVLPD]LRQHLPPDJLQDWRFRPHXQ
IOXLGRFKHDFDPSRPDJQHWLFRHVWHUQRQXOORSXzVFRUUHUHHDFDPSRPDJQHWLFRHOHYDWRKD
XQ FRPSRUWDPHQWR WLSR VROLGR /¶HODVWRPHUR PDJQHWRUHRORJLFR KD LQYHFH XQ
FRPSRUWDPHQWR VHPSUH VROLGR QRQ FDPELD OD VXD QDWXUD PD OH VXH FDUDWWHULVWLFKH
PHFFDQLFKH LQ WHUPLQL GL ULJLGH]]D H VPRU]DPHQWR VRQR IXQ]LRQH GHO FDPSR PDJQHWLFR
HVWHUQRDSSOLFDWR
)LJXUD(ODVWRPHURPDJQHWRUHRORJLFR>@
,OIOXLGRPDJQHWRUHRORJLFRKDTXLQGLXQDSSDUHQWHFDPELDPHQWRGLIDVH/¶HODVWRPHUR
KD LQYHFH VRORXQFDPELDPHQWRGLSURSULHWj/¶HODVWRPHURPDJQHWRUHRORJLFRqTXLQGLSL
OLPLWDWRPDPROWRPHJOLRJHVWLELOH ULVSHWWR DOOD VXDFRQWURSDUWH IOXLGDFKH VRSUDWWXWWRKD
SUREOHPLGLFRQILQDPHQWRHGLFRPSDWLELOLWjFRQOHQRUPDOLJXDUQL]LRQL
05( LVRWURSL HG DQLVRWURSL/H SDUWLFHOOH IHUURPDJQHWLFKH DOO¶LQWHUQR GHOODPDWULFH
HODVWRPHULFDSRVVRQRHVVHUHGLVWULEXLWHLQPRGRRPRJHQHR05(LVRWURSLRSSXUHSRVVRQR
HVVHUHUDJJUXSSDWHDIRUPDUHVWUXWWXUHFRORQQDULVLPLOLDFDWHQHDQLVRWURSLR³DOOLQHDWL´
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)LJXUD6WUXWWXUDPLFURVFRSLFDGLXQ05(D05(LVRWURSRE05(DOOLQHDWR>@
$O ILQH GL RWWHQHUH HODVWRPHUL PDJQHWRUHRORJLFL DOOLQHDWL GHYH HVVHUH DSSOLFDWR XQ
FDPSR PDJQHWLFR HVWHUQR FKH LQGXFD PRPHQWL GLSRODUL QHOOH SDUWLFHOOH IHUURPDJQHWLFKH
SULPDGHOODFRPSOHWDSROLPHUL]]D]LRQHGHOO¶HODVWRPHUR LQPRGRFKHOHVWUXWWXUHFRORQQDUL
GL SDUWLFHOOH ULPDQJDQR EORFFDWH DO ORUR SRVWR ILQR DO WHUPLQH GHOOD FXUD H FKH UHVWLQR
LQWUDSSRODWHQHOODPDWULFH
$SSOLFD]LRQL GHJOL 05( *OL 05( KDQQR XQ SRWHQ]LDOH XWLOL]]R VRSUDWWXWWR QHOOD
SURJHWWD]LRQHGLVHPSOLFLGLVSRVLWLYLDULJLGH]]DYDULDELOHHIDFLOPHQWHFRQWUROODELOH>@
/D FRPSDJQLD DXWRPRELOLVWLFD )RUG0RWRU &RPSDQ\ KD EUHYHWWDWR XQ FXVFLQHWWR SHU
DSSOLFD]LRQL DXWRPRWLYH FRPSUHQGHQWH O¶XWLOL]]R GL XQ HODVWRPHUR 05 /D ULJLGH]]D GL
TXHVWRFXVFLQHWWRqUHJRODWDLQEDVHDOORVWDWRLQFXLVLWURYDLOJUXSSRPRWRSURSXOVRUHSHU
RWWLPL]]DUHOHVRVSHQVLRQLPLJOLRUDQGRFRVuLOFRPIRUWGHLSDVVHJJHUL
1HL ODERUDWRUL GL ULFHUFD GL )RUG VRQR QDWH GLYHUVH DSSOLFD]LRQL XWLOL]]DQWL HODVWRPHUL
05 QRQ VROR FXVFLQHWWLPD DG HVHPSLR DQFKH VXSSRUWL SHUPRWRUL LQ FXL JOL05( VRQR
XWLOL]]DWLSHUOHORURFDUDWWHULVWLFKHGLYDULDELOLWjGLULJLGH]]DHVPRU]DPHQWR>@LQPRGRGD
SRWHUFRQWUROODUHOHYLEUD]LRQL
6L SXz QRWDUH FKH DG RJJL VRQR VWDWH EUHYHWWDWH SULQFLSDOPHQWH DSSOLFD]LRQL FKH
SUHYHGRQRO¶XVRGL05(DQLVRWURSL
 0$7(5,$/,(0(72',
2ELHWWLYRGHOODYRUR
/¶RELHWWLYR GL TXHVWR ODYRUR q OR VWXGLR H OD FDUDWWHUL]]D]LRQH PDJQHWRPHFFDQLFD GL
HODVWRPHULPDJQHWRUHRORJLFL
,Q SULPR OXRJR VL q SURFHGXWR DOOD UHDOL]]D]LRQH GL XQD IDPLJOLD GL SURYLQL GL
HODVWRPHUR PDJQHWRUHRORJLFR FRQWHQHQWL GLYHUVH SHUFHQWXDOL LQ SHVR GL SDUWLFHOOH GL
PDWHULDOHIHUURPDJQHWLFR6RQRVWDWLFUHDWLSURYLQLVLDLVRWURSLFKHDQLVRWURSLDOOLQHDWLSHU
OLYHOOLGLSHUFHQWXDOHLQSHVRHGXHULSHWL]LRQLSHUXQWRWDOHGLSURYLQL
6XFFHVVLYDPHQWH VRQR VWDWH HIIHWWXDWH GHOOH SURYH GL FRPSUHVVLRQH LQ DVVHQ]D H
SUHVHQ]D GL FDPSR PDJQHWLFR HVWHUQR H GL IOHVVLRQH D WUH SXQWL LQ DVVHQ]D GL FDPSR
PDJQHWLFRHVWHUQR
42
$SSDUDWRVSHULPHQWDOH
)DEEULFD]LRQH SURYLQL05(/¶HODVWRPHUR IHUURPDJQHWLFR q UHDOL]]DWR D SDUWLUH GD
XQDEDVHVLOLFRQLFDFRPPHUFLDOHLO6\OJDUGFKHXWLOL]]DWRDVVLHPHDOVXRDJHQWHGLFXUD
SHUPHWWH GL RWWHQHUH OD PDWULFH HODVWRPHULFD GHO SURYLQR /D EDVH HODVWRPHULFD q SRL
PHVFRODWDFRQSDUWLFHOOHGLIHUURSXURGLIRUPDVIHULFDHGLPHQVLRQHPHGLDGLȝP3HUOD
UHDOL]]D]LRQHGHLSURYLQLDOOLQHDWL DQLVRWURSLVRQRVWDWLXWLOL]]DWLGXHPDJQHWLSHUPDQHQWL
LQIHUULWHVFHOWLVXOODEDVHGHOORVWDPSRDGRWWDWR
*OL VWHVVL PDJQHWL VDUDQQR SRL XWLOL]]DWL DQFKH SHU O¶DSSOLFD]LRQH GL XQ FDPSR
PDJQHWLFRHVWHUQRGXUDQWHOHSURYHGLFRPSUHVVLRQH
, WUH LQJUHGLHQWL DJHQWH GL FXUD EDVH VLOLFRQLFD H SROYHUHGL IHUUR GRSR HVVHUH VWDWL
SHVDWL YHQJRQR SRVWL H PLVFHODWL QHOOR VWDPSR FUHDWR LQ PRGR GD HVVHUH IDFLOPHQWH
LQVWDOODWRVXOVLVWHPDGLPLVFHOD]LRQH
/HGLPHQVLRQLGHOORVWDPSRVRQRGLPPGLOXQJKH]]DPPGLODUJKH]]DHPP
GLSURIRQGLWjFRQXQOHJJHURVIRUPRSHUSHUPHWWHUHXQDPLJOLRUHHVWUD]LRQHGHOO¶HODVWRPHUR
SROLPHUL]]DWR/RVWDPSRUHDOL]]DWRLQ$%6WUDPLWHVWDPSD'qGRWDWRGLXQFRSHUFKLR
GHOORVWHVVRPDWHULDOHVXOTXDOHVRQRSUHVHQWLGHLIRULDWWLDOODIXRULXVFLWDGHOO¶DULDLQIDVHGL
FKLXVXUDGHOORVWHVVR
/DPLVFHOD]LRQH LQWURGXFHDULD DOO¶LQWHUQRGHOOR VWDPSR FKHYLHQH HOLPLQDWD SRQHQGR
VRWWRYXRWREDULOVLVWHPDGLPLVFHOD]LRQH


)LJXUD'HJDVDWRUHHFRPSUHVVRUHLQIXQ]LRQHSURYLQRLQHODVWRPHURSXUR

,OVLVWHPDFRQLUHDJHQWLDQFRUDLQIDVHOLTXLGDqODVFLDWRPLQXWLLQGHSUHVVLRQHHSRL
SDVVDDOODIDVHGLFXUDLQWHPSHUDWXUD
/RVWDPSRSRVWRLQOHQWDURWD]LRQHGDXQPRWRUHSDVVRqSRVL]LRQDWRSHU¶LQXQD
FDPHUDFOLPDWLFDD&SHUJDUDQWLUHODSHUIHWWDSROLPHUL]]D]LRQHGHOODPDWULFH

3LDQR VSHULPHQWDOH 6L VRQR UHDOL]]DWL  SURYLQL VHFRQGR LO SURFHGLPHQWR
SUHFHGHQWHPHQWHGHVFULWWRSURYLQLLVRWURSLFRQGLIIHUHQWLSHUFHQWXDOLLQSHVRGLPDWHULDOH
IHUURPDJQHWLFR      SURYLQL DQLVRWURSL DOOLQHDWL FRQ OH VWHVVH
SHUFHQWXDOLLQSHVRGLSROYHUHGLIHUURHSURYLQLGLHODVWRPHURSXURVHQ]DTXLQGLSROYHUH
GLIHUUR
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6L q GHFLVR GL WHVWDUH L SURYLQL D FRPSUHVVLRQH H IOHVVLRQH D WUH SXQWL /D SURYD GL
WUD]LRQHQRQqVWDWDSUHVDLQFRQVLGHUD]LRQHVLDSHUOHGLIILFROWjFKHVLVDUHEEHURULVFRQWUDWH
QHOO¶DIIHUUDJJLRGHLSURYLQLVLDSRLFKpJOLHODVWRPHULVRQRUDUDPHQWHFKLDPDWLDODYRUDUHD
WUD]LRQH6LDODSURYDGLFRPSUHVVLRQHFKHTXHOODGLIOHVVLRQHQRQVRQRSURYHDURWWXUDVLq
VFHOWRLQIDWWLGLWHVWDUHOHSURSULHWjHODVWLFKHGHLSURYLQLOLPLWDQGRODIRU]DPDVVLPDD1
QHOODFRPSUHVVLRQHHOLPLWDQGRODIUHFFLDLQPH]]HULDDPPQHOODIOHVVLRQHDWUHSXQWL/H
SURYH VRQR TXDVLVWDWLFKH H SUHYHGRQR XQ XQLFR FLFOR GL FDULFRVFDULFR DOOD YHORFLWj GL 
PPPLQ,OSLDQRVSHULPHQWDOHFRPSUHQGHO¶HVHFX]LRQHGHLWHVWGLFRPSUHVVLRQHHIOHVVLRQH
DWUHSXQWLSHUWXWWLHLSURYLQLSUHVHQWL
9DULDELOH /LYHOOL 3URYLQLILVLFL
PDWIHUURPDJQHWLFR OLYHOOL     
$OOLQHDPHQWR %RROHDQR  6, 12 6, 12 6, 12 6, 12
6XEWRWDOHSURYLQL     
5LSHWL]LRQL      
7RWDOHSURYLQL      
)LJXUD7DEHOODULHSLORJDWLYDGHOQXPHURGLSURYLQLDQDOL]]DWL
3URYDGLFRPSUHVVLRQH
3HU TXHVWD SURYD YHQJRQR XWLOL]]DWL GXH SLDWWL PRQWDWL VXOOD EDVH H VXOOD WUDYHUVD GHOOD
PDFFKLQDGLSURYDXQD*DOGDELQL6XQFRQFHOODGD1/HSURYHHVHJXLWHVRQR
RJQXQRGHLSURYLQLqWHVWDWRVLDLQDVVHQ]DFKHLQSUHVHQ]DGLFDPSRPDJQHWLFRHVWHUQR
'DOOHFXUYHIRU]DFRUVDVLULFDYDQROHULVSRVWHGHOVLVWHPD
 5LJLGH]]DLQ03DSHQGHQ]DGHOWUDWWRHODVWLFRGHOOHFXUYHWHQVLRQHGHIRUPD]LRQH
 'HIRUPD]LRQHSHUFHQWXDOHDWHQVLRQHPDVVLPD
 (QHUJLDVSHFLILFDGLVVLSDWDHVSUHVVDLQP-PPRVVLDO¶DUHDUDFFKLXVDGDOOHFXUYH
GLFDULFRHVFDULFRQHOGLDJUDPPDıİ
)LJXUHDHE3URYDGLFRPSUHVVLRQHVHQ]DPDJQHWLVXSURYLQRLQHODVWRPHURSXUR
VLQLVWUDHVFKHPDGHOODSURYDGLFRPSUHVVLRQHFRQPDJQHWLGHVWUD
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/D SURYD LQ SUHVHQ]D GL FDPSR PDJQHWLFR q HVHJXLWD XWLOL]]DQGR JOL VWHVVL PDJQHWL
SHUPDQHQWLXWLOL]]DWLSHUODIDEEULFD]LRQHGHLSURYLQLDOOLQHDWL4XHVWLYHQJRQRSRVWLVXLGXH
SLDWWL LQ PRGR GD HVHUFLWDUH XQD IRU]D GL DWWUD]LRQH WUD ORUR HG LO SURYLQR q SRVWR
HVDWWDPHQWHVXOPDJQHWHGHOSLDWWRLQIHULRUH8WLOL]]DQGRXQJDXVVPHWURLQDULDWUDLPDJQHWL
SRVWL VXL SLDWWL VL SXz PLVXUDUH XQ FDPSR FKH YD GD P7 D P7 SHU OH FRUVH FKH
LQWHUHVVDQRODSURYD(VHJXHQGRXQDSURYDVHQ]DSURYLQRYLHQHPLVXUDWDXQDIRU]DPDVVLPD
GLFLUFD1EHQGLVWDQWHGDL1VYLOXSSDWLGXUDQWHODSURYD
3URYHGLIOHVVLRQHDWUHSXQWL
3HUTXHVWDSURYDQRQqVWDWRSRVVLELOHHVHJXLUHLWHVWFRQDSSOLFD]LRQHGLFDPSRPDJQHWLFR
HVWHUQRYLVWDODGLIILFROWjGLPDQWHQHUHLOFDPSRSHUSHQGLFRODUHDOSURYLQRGXUDQWHODSURYD
, SURYLQL VRQR L PHGHVLPL XWLOL]]DWL QHOOH SURYH GL FRPSUHVVLRQH FRVu FRPH OH ULVSRVWH
DQDOL]]DWH/DSURYDSUHYHGH O¶XWLOL]]RGL GXH DSSRJJL ILVVL HGXQSXQ]RQHSHUFDULFDUH LO
SURYLQRSULVPDWLFR6LXWLOL]]DXQDFHOODGD1$QFKH LQTXHVWRFDVR ODSURYDQRQqD
URWWXUD6LLPSRQHXQDFRUVDPDVVLPDGDUDJJLXQJHUHGLPPDGXQDYHORFLWjGLWUDYHUVDGL
PPPLQ
)LJXUD3URYDGLIOHVVLRQHDWUHSXQWL
 5,68/7$7,3529(63(5,0(17$/,($129$
5LVXOWDWLSURYHGLFRPSUHVVLRQH
,Q)LJXUDVLULSRUWDQROHFXUYHıɸSHULSURYLQLLVRWURSLVHQ]DFDPSRDSSOLFDWRDHFRQ
FDPSRDSSOLFDWRGXUDQWHODSURYDE,Q)LJXUDVLULSRUWDQROHFXUYHSHULSURYLQLDOOLQHDWL
VHQ]DFDPSRDSSOLFDWRDHFRQFDPSRDSSOLFDWRGXUDQWHODSURYDEPHQWUHLQ)LJXUD
VRQRULSRUWDWHOHFXUYHSHULSURYLQLDIOHVVLRQHDWUHSXQWLDOOLQHDWLHQRQVHPSUHLQDVVHQ]D
GLFDPSRPDJQHWLFR
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D E
)LJXUD3URYDGLFRPSUHVVLRQHVXSURYLQLLVRWURSLVHQ]DDSSOLFD]LRQHGLFDPSR
PDJQHWLFRDHFRQFDPSRDSSOLFDWRE
D E
)LJXUD3URYDGLFRPSUHVVLRQHVXSURYLQLDOOLQHDWLVHQ]DDSSOLFD]LRQHGLFDPSR
PDJQHWLFRDHFRQFDPSRDSSOLFDWRE
D E
)LJXUD3URYDGLIOHVVLRQHDWUHSXQWLVXSURYLQLLVRWURSLDHDOOLQHDWLE
46
 ',6&866,21(
$129$
6L DQDOL]]DQR OH SURYH VSHULPHQWDOL YDOXWDQGR OD ULVSRVWD GHO PDWHULDOH LQ WHUPLQL GL
ULJLGH]]DGHIRUPD]LRQHDWHQVLRQHPDVVLPDHGHQHUJLDGLVVLSDWD6LqXWLOL]]DWRXQVRIWZDUH
GL DQDOLVL GHOOD YDULDQ]D 'HVLJQ([SHUW SHU YHULILFDUH O¶LQIOXHQ]D H OH LQWHUD]LRQL GHOOH
YDULDELOL FRQVLGHUDWH SHUFHQWXDOH LQ SHVR GL SDUWLFHOOH IHUURPDJQHWLFKH GLVSRVL]LRQH
VSD]LDOH GHOOH SDUWLFHOOH DOO¶LQWHUQR GHOOD PDWULFH HODVWRPHULFD DSSOLFD]LRQH R QRQ
DSSOLFD]LRQHGLXQFDPSRPDJQHWLFRHVWHUQRGXUDQWHO¶HVHFX]LRQHGHOOHSURYH
$129$SURYHGLFRPSUHVVLRQH
,O SLDQR GHOOH YDULDELOL q ULSRUWDWR LQ )LJXUD  GRYH VL PRVWUDQR YDULDELOL H OLYHOOL 6L
ULSRUWDQR LQ )LJXUD  L GLDJUDPPL VHPLQRUPDOL GHOOH WUH ULVSRVWH FRQVLGHUDWH XWLOL D
VWLPDUH TXDOL VLDQR OH YDULDELOL FKH KDQQR XQ¶LQIOXHQ]D VXOOD ULVSRVWD D FROSR G¶RFFKLR
HVSUHVVHGDLSXQWLFKHVLGLVFRVWDQRGDOODUHWWDGHJOLHUURULUDSSUHVHQWDWDGDLWULDQJROLYHUGL
,Q TXHVWL GLDJUDPPL VL PRVWUDQR OH VROH YDULDELOL FKH KDQQR XQD LQIOXHQ]D
VWDWLVWLFDPHQWH VLJQLILFDWLYD VXOOD ULVSRVWD GHO SURYLQR WDOH LQIOXHQ]D q WDQWR PDJJLRUH
TXDQWRVLGLVFRVWDQRGDOODUHWWDGHJOLHUURULHWDQWRSLSUREDELOHFKHQRQVLDIUXWWRGHOFDVR
TXDQWRLOSXQWRqVSRVWDWRQHOODSDUWHDOWDGHOGLDJUDPPDÊSRVVLELOHYHGHUHJUDILFDPHQWH
FRPH OH YDULDELOL FRQVLGHUDWH PRGLILFKLQR VHQVLELOPHQWH LO FRPSRUWDPHQWR GHOOD ULVSRVWD
FRQVLGHUDWDLQSDUWLFRODUHODSHUFHQWXDOHGLSDUWLFHOOHGLIHUUR,QSDUWLFRODUHLQ)LJXUDVL
QRWD FKH OD ULJLGH]]D DXPHQWD DOO¶DXPHQWDUH GHOOD FRQFHQWUD]LRQH GL IHUUR PHQWUH
O¶DOOLQHDPHQWRFDXVDXQSLOLHYHLQFUHPHQWRGHOODULJLGH]]DVRSUDWWXWWRDGDOWDSHUFHQWXDOH
GL IHUUR ,Q )LJXUD  VL ULSRUWD LQYHFH O¶HIIHWWRGHO WHQRUHGL ULQIRU]R VXOODGHIRUPD]LRQH
PDVVLPDHDQFKHLOGHEROHHIIHWWRGHOFDPSRDSSOLFDWRFKHULGXFHODGHIRUPD]LRQHPDVVLPD
GHOPDWHULDOHLQYLUWGHOIDWWRFKHOHSDUWLFHOOHULVHQWRQRGHOFDPSRDSSOLFDWRHVRQRPHQR
OLEHUHGLVSRVWDUVLVRWWRO¶HIIHWWRGHOODFRPSUHVVLRQH
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D E F
)LJXUD'LDJUDPPDVHPLQRUPDOHULJXDUGDQWHO
DQDOLVLGHOODULJLGH]]DDGHOOD
GHIRUPD]LRQHPDVVLPDEHGHOO¶HQHUJLDVSHFLILFDGLVVLSDWDFQHOOHSURYHDFRPSUHVVLRQH
/ŶĨůƵĞŶǌĂǀĂƌŝĂďŝůŝƐƵ
ZŝŐŝĚĞǌǌĂ;DWĂͿ
/ŶĨůƵĞŶǌĂǀĂƌŝĂďŝůŝƐƵ
ĚĞĨŽƌŵĂǌŝŽŶĞŵĂƐƐŝŵĂ
/ŶĨůƵĞŶǌĂǀĂƌŝĂďŝůŝƐƵ
ŶĞƌŐŝĂ^ƉĞĐŝĨŝĐĂ
ŝƐƐŝƉĂƚĂ;ŵ:ͬŵŵϯͿ
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WĞƌĐĞŶƚƵĂůĞŝŶƉĞƐŽĚŝƉĂƌƚŝĐĞůůĞĨĞƌƌŽƐĞ
)LJXUD5LJLGH]]DLQIXQ]LRQHGLDOOLQHDPHQWRHSHUFHQWXDOHGLSDUWLFHOOH
WĞƌĐĞŶƚƵĂůĞŝŶƉĞƐŽĚŝƉĂƌƚŝĐĞůůĞĨĞƌƌŽƐĞ
)LJXUD'HIRUPD]LRQHSHUFHQWXDOHPDVVLPDLQIXQ]LRQHGLFDPSRDSSOLFDWRH
SHUFHQWXDOHGLSDUWLFHOOH
WĞƌĐĞŶƚƵĂůĞŝŶƉĞƐŽĚŝƉĂƌƚŝĐĞůůĞĨĞƌƌŽƐĞ
)LJXUD(QHUJLDGLVVLSDWDHIIHWWRGHOOHYDULDELOLFRQVLGHUDWH
48
,Q)LJXUDVLULSRUWDLQYHFHO¶HIIHWWRGHOWHQRUHGLULQIRU]RVXOODHQHUJLDGLVVLSDWDFKH
FRPH HYLGHQ]LDWR GDOOD $129$ q LQIOXHQ]DWD VRODPHQWH GDOOD TXDQWLWj GL IHUUR SUHVHQWH
QHOO¶HODVWRPHUR$SSDUHQWHPHQWH QRQ VL QRWD XQ¶LQIOXHQ]D GHO FDPSRSHUTXDQWR ULJXDUGD
TXHVWD JUDQGH]]D SHU FXL QRQ VL SXz FRQWUROODUH OR VPRU]DPHQWR GL TXHVWR PDWHULDOH LQ
IXQ]LRQHGLXQDJUDQGH]]DHVWHUQD
'DOOD $129$ VL ULFDYD TXLQGL FKH LO FRPSRUWDPHQWR LQ FRPSUHVVLRQH GL TXHVWR
HODVWRPHUR PDJQHWRUHRORJLFR SHU L YDORUL GL FDPSR SURYDWL q VROR GHEROPHQWH
PDJQHWRUHRORJLFRSHUFXLVLLQWHQGHLQYHVWLJDUHLQIXWXURFRVDDFFDGDLQSUHVHQ]DGLFDPSL
VHQVLELOPHQWHSLHOHYDWLSHUHVHPSLRRWWHQXWLFRQVSHFLILFLDYYROJLPHQWLHOHWWULFL
$129$SURYHGLIOHVVLRQHDWUHSXQWL
/¶$129$ q VWDWD HIIHWWXDWD LQ DFFRUGR FRQ LO SLDQR VSHULPHQWDOH GHVFULWWR QHL SDUDJUDIL
SUHFHGHQWLFRQVLGHUDQGROHVWHVVHULVSRVWHGHOOHSURYHGLFRPSUHVVLRQH
6LULSRUWDQRLQ)LJXUDLGLDJUDPPLVHPLQRUPDOLGHOOHWUHULVSRVWHFRQVLGHUDWH
1HO FDVR GHOOH SURYH D IOHVVLRQH q SRVVLELOH YHGHUH JUDILFDPHQWH FRPH VROWDQWR OD
SHUFHQWXDOH GL SDUWLFHOOH GL IHUURPRGLILFKL VHQVLELOPHQWH LO FRPSRUWDPHQWR GHOOD ULVSRVWD
FRQVLGHUDWD,QSDUWLFRODUHLQ)LJXUDVLQRWDFKHODULJLGH]]DDXPHQWDDOO¶DXPHQWDUHGHOOD
FRQFHQWUD]LRQH GL IHUUR VRSUDWWXWWR VL DVVLVWH DG XQ OLHYH DXPHQWR ILQR DO  H DG XQ
DXPHQWRPROWRHOHYDWRDOO¶,Q)LJXUDVLULSRUWDLQYHFHO¶HIIHWWRGHOWHQRUHGLULQIRU]R
VXOODGHIRUPD]LRQHPDVVLPDFKHULGXFHODGHIRUPD]LRQHPDVVLPDGHOPDWHULDOH
ͮEŽƌŵĂůĨĨĞĐƚͮ ͮEŽƌŵĂůĨĨĞĐƚͮ ͮEŽƌŵĂůĨĨĞĐƚͮ
D E F
)LJXUD'LDJUDPPDVHPLQRUPDOHULJXDUGDQWHO
DQDOLVLGHOODULJLGH]]DDGHOOD
GHIRUPD]LRQHPDVVLPDEHGHOO¶HQHUJLDVSHFLILFDGLVVLSDWDFQHOOHSURYHDIOHVVLRQH
/ŶĨůƵĞŶǌĂǀĂƌŝĂďŝůŝƐƵ
ZŝŐŝĚĞǌǌĂ;DWĂͿ
/ŶĨůƵĞŶǌĂǀĂƌŝĂďŝůŝƐƵ
ĚĞĨŽƌŵĂǌŝŽŶĞŵĂƐƐŝŵĂ
/ŶĨůƵĞŶǌĂǀĂƌŝĂďŝůŝƐƵ
ŶĞƌŐŝĂ^ƉĞĐŝĨŝĐĂ
ŝƐƐŝƉĂƚĂ;ŵ:ͬŵŵϯͿ
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WĞƌĐĞŶƚƵĂůĞŝŶƉĞƐŽĚŝƉĂƌƚŝĐĞůůĞĨĞƌƌŽƐĞ
)LJXUD5LJLGH]]DLQIXQ]LRQHGLDOOLQHDPHQWRHSHUFHQWXDOHGLSDUWLFHOOH
WĞƌĐĞŶƚƵĂůĞŝŶƉĞƐŽĚŝƉĂƌƚŝĐĞůůĞĨĞƌƌŽƐĞ
)LJXUD'HIRUPD]LRQHSHUFHQWXDOHPDVVLPDLQIXQ]LRQHGLFDPSRDSSOLFDWRH
SHUFHQWXDOHGLSDUWLFHOOH
WĞƌĐĞŶƚƵĂůĞŝŶƉĞƐŽĚŝƉĂƌƚŝĐĞůůĞĨĞƌƌŽƐĞ
)LJXUD(QHUJLDGLVVLSDWDHIIHWWRGHOOHYDULDELOLFRQVLGHUDWH
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,Q)LJXUDVLULSRUWDLQYHFHO¶HIIHWWRGHOWHQRUHGLULQIRU]RVXOODHQHUJLDGLVVLSDWDFKH
FRPH HYLGHQ]LDWR GDOOD $129$ q LQIOXHQ]DWD VRODPHQWH GDOOD TXDQWLWj GL IHUUR SUHVHQWH
QHOO¶HODVWRPHUR/DSHUFHQWXDOHGLIHUURDXPHQWDO¶HQHUJLDGLVVLSDWDLQPDQLHUDPROWRIRUWH
WUDLOHO¶
/¶DOOLQHDPHQWRLQVWUXWWXUHFRORQQDULGHOOHSDUWLFHOOHIHUURPDJQHWLFKHQRQLQIOXLVFHVXOOD
ULVSRVWDGHOVLVWHPD1HOOHSURYHGLFRPSUHVVLRQHXQ¶LQIOXHQ]DGHOO¶DOOLQHDPHQWRGHLSURYLQL
HUD FRPSUHQVLELOH YLVWR FKH YHQLYDQR VROOHFLWDWL QHOOD VWHVVD GLUH]LRQH GHOOH VWUXWWXUH
FRORQQDUL PHQWUH QHOOD VROOHFLWD]LRQH IOHVVLRQDOH VL SXz LPPDJLQDUH FKH TXHVWR WLSR GL
DOOLQHDPHQWRVLDSUHVVRFKpLQLQIOXHQWH
7DEHOODULDVVXQWLYD$129$
3HU FRQFOXGHUH O¶$129$ VL ULSRUWD LQ )LJXUD  XQD WDEHOOD ULDVVXQWLYD FKH PRVWUD
O¶LQIOXHQ]DGLRJQLVLQJRORIDWWRUHVXOOHULVSRVWHGHOVLVWHPDDQDOL]]DWH
 &21&/86,21,
4XHVWR ODYRUR DQDOL]]D LO FRPSRUWDPHQWR PDJQHWRPHFFDQLFR GL XQ HODVWRPHUR
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Abstract. Nel presente lavoro si studia un semplice problema di sintesi cinematica di un
quadrilateroarticolatopiano.Dopoaverclassiﬁcato ilquadrilatero inbaseai tradizionali
approcci presenti in letteratura, se ne opera la sintesi cinematica e, successivamente, si
trovano le soluzioni del problema di sintesi nel caso in cui le lunghezze dei membri del
quadrilatero siano numeri interi (positivi), mostrando che sono correlate con le terne
pitagoricheprimitive.Avereadisposizionedellesoluzionicon lunghezze intereconsenteun
vantaggionon trascurabilequandosivuoleprocedereadunaprimasintesidimassimadel
meccanismoimponendoalcuneproporzionidesideratetralelunghezzedeimembri.Cio`e` di
uncertorilievoladdoveleproporzionieleformecostituisconounaspettorilevante,comead
esempionelcampodell’interiordesignodeldesigningenerale.
Keywords:quadrilateroarticolato,sintesicinematica,Grashof,ternepitagoriche
1. INTRODUZIONE
Si consideri un quadrilatero in grado di assumere le due posizioni aperta e chiusa mostrate
rispettivamente in Fig. (1a) e in Fig. (1c). Tale meccanismo e` in grado di far compiere alla
biella (il membro opposto al telaio) una rotazione di 90 gradi in senso orario nel passag-
gio dalla conﬁgurazione aperta a quella chiusa e puo` essere utile, ad esempio, per movi-
mentare oggetti come panche o ribaltine che, rese solidali alla biella, nella posizione chiusa
verrebbero ad adagiarsi lungo la parete verticale (lato A0B0). In posizione chiusa l’oggetto
cosı` movimentato rivolgerebbe verso l’esterno la superﬁcie che in posizione aperta e` rivolta
verso l’alto, aspetto di un certo interesse in determinati campi applicativi come ad esempio
l’interior design, dove il lato estetico riveste un ruolo rilevante.
Le lunghezze dei membri sono indicate con lk (k = 1, . . . , 4). In particolare: l4 e` la
lunghezza A0B0 del telaio, l1 e` la lunghezza A0A dell’asta superiore, l2 e` la lunghezza AB
della biella (il membro opposto al telaio) ed, inﬁne, l3 e` la lunghezzaB0B dell’asta inferiore.
La presente memoria e` cosı` articolata: nella Sezione 2 si classiﬁca il quadrilatero secondo
i tradizionali approcci presenti in letteratura; la Sezione 3 e` dedicata alla sintesi cinematica
del meccanismo condotta in alcuni casi in cui il problema ha un numero di soluzioni ﬁnito; la
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(a) (b) (c)
Figura 1. Quadrilatero articolato:
a) posizione aperta; b) posizione intermedia; c) posizione chiusa.
Sezione 4 considera il caso particolare in cui le lunghezze dei membri del quadrilatero siano
numeri interi (positivi). Inﬁne, si tracciano le conclusioni.
2. CLASSIFICAZIONE DEL MECCANISMO
Volendo classiﬁcare il quadrilatero, poiche´ nella disposizione aperta (Fig. (1a)) il mem-
bro B0B si presenta come l’ipotenusa di un triangolo rettangolo, e` sicuramente quello di
lunghezza maggiore (lunghezza l3). Di conseguenza, la biella AB, la cui lunghezza l2 viene
a sommarsi ad l3 nella disposizione chiusa (Fig. (1c)), e` sicuramente il membro di lunghezza
minore. Risulta naturalmente soddisfatta l’uguaglianza:
l3 + l2 = l4 + l1 (1)
che, se si indica con l la lunghezza del membro piu` lungo, con s quella del membro piu` corto
e con p e q le lunghezze intermedie, viene a coincidere con la:
l + s = p+ q (2)
nota come caso limite di Grashof [1].
Si tratta di una categoria limite tra i quadrilateri di Grashof e quelli non-Grashof, che
vede tutti i membri raggiungere una posizione in cui sono allineati.
Tale conﬁgurazione e` nota come change point ed il quadrilatero viene cosı` ad appartenere alla
categoria dei change-point mechanisms [1–4]. Al change point il moto e` cinematicamente
indeterminato. In [5] la stessa categoria e` deﬁnita come special-case Grashof kinematic
chains, in accordo con [6] in cui e` deﬁnita transition linkages or Grashof neutral linkages.
La medesima tipologia di meccanismi e` inoltre deﬁnita come folding linkages (meccanismi
“pieghevoli” o “richiudibili”) da [7, 8].
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Oltre a ricadere nel caso limite di Grashof, il quadrilatero in esame ha la biella come
lato piu` corto, come sopra evidenziato. Secondo [9], dal momento che si tratta di un change-
point mechanism avente la biella come lato piu` corto, il quadrilatero risulta appartenere alla
categoria no. 11 (tra le 14 individuate in [9]) denominata change point rocker-crank-rocker
(CPRCR), ossia si tratta di un quadrilatero con due bilancieri (le aste di lunghezza l1 e l3),
in cui la biella e` in grado di compiere una rotazione completa.
Tornando alla classiﬁcazione dei quadrilateri articolati piani, in [7, 8] e` presentata una
alternativa alla formulazione di Grashof che non richiede di identiﬁcare chi, tra i membri
del quadrilatero, sia il piu` lungo e il piu` corto. La classiﬁcazione introduce tre parametri
(T1, T2, T3), la cui combinazione di segni identiﬁca otto tipologie di quadrilateri: quattro
sono di Grashof (T1T2T3 > 0) e quattro non-Grashof (T1T2T3 < 0). Se uno qualunque dei
parametri T1, T2 o T3 si annulla, allora si cade nel caso limite di Grashof e il meccanismo
puo` assumere una conﬁgurazione in cui tutti i membri sono tra loro allineati, cioe` risulta
“pieghevole” o “richiudibile” (folding linkage).
Considerando tutte le possibili combinazioni di segno o di valore nullo di T1, T2 e T3, risul-
tano 27 tipologie di quadrilateri, di cui 19 sono folding linkages.
Inoltre, il numero di parametri Ti nulli deﬁnisce il numero di conﬁgurazioni con cui si puo`
“richiudere” il meccanismo. Nel caso in esame, la deﬁnizione dei parametri Ti conduce a (si
veda [7, 8]):
T1 = l4 − l1 + l2 − l3
T2 = l4 − l1 − l2 + l3
T3 = l2 + l3 − l4 − l1
(3)
Poiche´, come gia` evidenziato, l’asta inferiore B0B (di lunghezza l3) e` quella piu` lunga e vale
la Eq. (1), e` facile rendersi conto che:
T1 < 0 T2 > 0 T3 = 0 (4)
cioe`, il meccanismo in esame si puo` richiudere sono nella conﬁgurazione di Fig. (1c), in cui
il membro piu` lungo e quello piu` corto sono adiacenti e distesi.
3. SINTESI DEL MECCANISMO
Per la sintesi di un quadrilatero in grado di assumere le due posizioni estreme (a e c) di
Fig. (1), occorre soddisfare le seguenti:{
l24 + (l1 + l2)
2 = l23
l2 + l3 = l1 + l4
(5)
che risultano determinate una volta note due delle quattro lunghezze.
La coppia di dati puo` variare a seconda delle esigenze progettuali. Per ﬁssare le idee, si sup-
ponga che sia imposta la lunghezza l4 del telaio A0B0.
Se si assumono come parametri di progetto le lunghezze l2 e l4 (che devono ovviamente
essere positive), l1 e l3 si ricavano dalle Eqn. (5) e risulta:
l1 =
l2 l4
l4 − 2 l2
l3 =
l24 − 2 l2 l4 + 2 l
2
2
l4 − 2 l2
(6)
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Le Eqn. (6) forniscono valori di l1 e l3 positivi a patto che sia:
l4 > 2 l2 (l2 > 0, l4 > 0) (7)
Infatti, essendo l2 > 0 e l4 > 0, lo e` anche il loro prodotto, cioe` il numeratore di l1. Dovendo
essere l1 > 0 deve quindi esserlo anche il suo denominatore, ossia deve valere la Eqn. (7).
Analogamente, valendo la Eqn. (7), afﬁnche´ l3 sia positivo deve esserlo anche il suo numer-
atore, il quale lo e` sempre poiche´ per qualunque valore reale di l2 si tratta di un trinomio di
secondo grado irriducibile1. In deﬁnitiva, la Eqn. (7) e` condizione sufﬁciente per assicurare
un valore positivo alle lunghezze l1 e l3.
Se invece si assumono le lunghezze l3 e l4 come parametri di progetto, dalle Eqn. (5)
si ricavano l1 e l2. Ponendo L = l1 + l2 (L e` la lunghezza del cateto A0B del triangolo
rettangolo di Fig. (1a)), risulta:
L =
√
l23 − l
2
4 (8)
e:
l1 =
L+ l3 − l4
2
l2 =
L− l3 + l4
2
(9)
Le lunghezze L, l1 e l2 risultano tutte positive, a patto che sia:
l3 > l4 (l3 > 0, l4 > 0) (10)
D’altra parte, come piu` volte evidenziato, il membro piu` lungo del quadrilatero e` quello di
lunghezza l3 e pertanto si avra` cura di assicurare la Eqn. (10) nella deﬁnizione dei dati di pro-
getto. La Eqn. (10) assicura che sia L > 0. Inoltre, poiche´ L > 0 e l3 − l4 > 0, certamente
l1 > 0. Inﬁne, l2 e` senza dubbio positivo dal momento che vale certamente la disuguaglianza
triangolare l3 < L+ l4 poiche´ L, l4 e l3 sono le lunghezze dei tre lati di un triangolo (con l3
maggiore di L e l4).
Inﬁne, se si assumono le lunghezze l1 e l4 come parametri di progetto, dalle Eqn. (5) si
ricavano le lunghezze l2 e l3:
l2 =
l1 l4
2l1 + l4
l3 =
(l1 + l4)
2 + l21
2l1 + l4
(11)
le quali sono senz’altro positive per l1 > 0 e l4 > 0.
4. TERNE PITAGORICHE
Si consideri ora il caso in cui la lunghezza lk (k = 1, . . . , 4) delle aste sia un numero intero
(ovviamente positivo). Ottenere delle soluzioni con lunghezze intere consente di poter oper-
are una prima sintesi di massima del meccanismo imponendo alcune proporzioni desiderate
tra le lunghezze dei membri, cosa piuttosto utile in determinati campi applicativi, quando
le proporzioni e le forme costituiscono un aspetto rilevante, come ad esempio nell’interior
design o nel design in generale.
1Per qualunque valore di l2 (o di l4) l’equazione di secondo grado l24 − 2 l2 l4 + 2 l
2
2
= 0 ha discriminante
negativo e pertanto il trinomio ha il segno del coefﬁciente del termine di secondo grado, vale a dire e` positivo.
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Avendo posto L = l1 + l2, i tre valori {l4, L, l3} costituiscono certamente una terna
pitagorica, dal momento che la prima delle Eqn. (5) diventa diofantea2 ed assume la forma
pitagorica [10, 11]:
l24 + L
2 = l23 (12)
La Tab. (1) riporta le soluzioni del problema deﬁnito dalle Eqn. (5) impiegando le Eqn. (6),
per valori della lunghezza del lato piu` corto (la biella) pari a l2 = 1, . . . , 4. I valori {l4, L, l3}
delle tre colonne centrali costituiscono terne pitagoriche.
La Tab. (2) riporta le soluzioni limitando la lunghezza del membro piu` lungo a valori
l3 < 100 e considerando solo le terne pitagoriche primitive [10], ossia quelle in cui non
esiste un divisore comune di {l4, L, l3}. Inoltre, ad ulteriore compattazione, nella Tab. (2) si
sono escluse le soluzioni in cui i valori delle colonne l4 ed L risultano interscambiabili (cosa
del tutto lecita in quanto si tratta dei due cateti del triangolo pitagorico).
Le soluzioni riportate in Tab. (2) sono 16, cioe` proprio pari al numero di terne pitagoriche
primitive esistenti in cui il terzo valore (l’ipotenusa) e` < 100 [12]. In altre parole, si e`
giunti alla conclusione che tutte le terne pitagoriche primitive esistenti in cui il terzo valore e`
< 100 consentono di soddisfare il problema deﬁnito dalle (5), nel caso in cui la lunghezza lk
(k = 1, . . . , 4) delle aste sia un numero intero positivo.
Tale conclusione e` valida per tutte le terne pitagoriche primitive esistenti. Per dimostrarlo,
occorre provare che, data una qualunque terna pitagorica primitiva {l4, L, l3} in cui L =
2Una equazione si dice diofantea se deve essere risolta mediante numeri interi [10].
l2 l4 L l3 l1
1 3 4 5 3
1 4 3 5 2
2 5 12 13 10
2 6 8 10 6
2 8 6 10 4
2 12 5 13 3
3 7 24 25 21
3 8 15 17 12
3 9 12 15 9
3 12 9 15 6
3 15 8 17 5
3 24 7 25 4
4 9 40 41 36
4 10 24 26 20
4 12 16 20 12
4 16 12 20 8
4 24 10 26 6
4 40 9 41 5
Tabella 1. Soluzioni delle Eqn. (5) per valori interi positivi delle lunghezze lk (k = 1, . . . , 4):
valori della lunghezza del lato piu` corto (la biella) pari a l2 = 1, . . . , 4. I valori delle tre
colonne {l4, L, l3} costituiscono terne pitagoriche.
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l2 l4 L l3 l1
1 3 4 5 3
2 5 12 13 10
3 7 24 25 21
3 8 15 17 12
4 9 40 41 36
5 11 60 61 55
5 12 35 37 30
6 13 84 85 78
6 20 21 29 15
7 16 63 65 56
10 28 45 53 35
12 33 56 65 44
14 36 77 85 63
15 39 80 89 65
15 48 55 73 40
20 65 72 97 52
l1 + l2, vale a dire una terna che soddisfa la prima delle Eqn. (5), esistono sempre due interi
positivi l1 e l2 che soddisfano anche la seconda delle Eqn. (5).
La dimostrazione risiede nel fatto che tutte le terne pitagoriche primitive si possono
ottenere da una qualunque coppia di interi positivi coprimi3, m > n, e di diversa parita`, tali
per cui (secondo le formule di Euclide) [10]:
l4 = m
2 − n2 ; L = 2mn ; l3 = m
2 + n2 (13)
Infatti, introducendo le:
l2 = L− l1 l1 = L− l2 (14)
nella seconda delle Eqn. (5) si ottengono nuovamente le Eqn. (9) che, in base alle Eqn. (13)
conducono alle:
l1 = n(m+ n) l2 = n(m− n) (15)
Dalle Eqn. (15), essendom e n interi positivi conm > n, si vede chiaramente che l1 e l2
sono a loro volta numeri interi positivi. Si e` quindi dimostrato che tutte le terne pitagoriche
primitive esistenti consentono di soddisfare il problema deﬁnito dalle Eqn. (5) nel caso in cui
la lunghezza lk (k = 1, . . . , 4) delle aste sia un numero intero positivo.
3Due numerim e n si dicono coprimi (o primi tra loro o relativamente primi) se e solo se essi non hanno nessun
divisore comune eccetto 1 e -1 o, in modo equivalente, se il loro massimo comune divisore e` 1.
Tabella 2. Soluzioni delle Eqn. (5) per valori interi positivi delle lunghezze lk (k = 1, . . . , 4)
con l3 < 100. I valori di {l4, L, l3} costituiscono tutte le 16 terne pitagoriche primitive in
cui l3 < 100.
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Fig. (1c).
Dopo aver classiﬁcato il quadrilatero in base ai tradizionali approcci presenti in letter-
atura, se ne e` operata la sintesi cinematica in alcuni casi in cui il problema risulta determinato,
ossia quando sono note due delle quattro lunghezze dei membri.
Successivamente, si sono trovate le soluzioni del problema di sintesi nel caso in cui
le lunghezze dei membri del quadrilatero siano numeri interi (positivi), mostrando che le
soluzioni sono fornite da tutte le terne pitagoriche primitive {l4, L, l3} (con L = l1 + l2).
In deﬁnitiva, come ausilio per la sintesi di quadrilateri che debbano compiere il movi-
mento illustrato in Fig. (1), si puo` impiegare la Tab. 2, tenendo conto che e` possibile scam-
biare i valori l4 ed L. Ovviamente, scambiando i valori di l4 e L, si modiﬁca di conseguenza
il valore di l1, essendo l1 = L − l2. Piu` in generale, data una qualunque terna pitagorica
primitiva {l4, L, l3}, anche tra quelle in cui l3 > 100 (non comprese in Tab. 2), i valori dei
lati l1 e l2 si trovano rispettivamente impiegando le Eqn. (9) e l2 = L− l1.
Naturalmente, il movimento tra le posizioni estreme (a e c) di Fig. (1) puo` essere real-
izzato anche applicando un fattore di scala alla lunghezza di ogni lato del quadrilatero cosı`
ottenuto.
Avere a disposizione delle soluzioni con lunghezze intere consente un vantaggio non
trascurabile dal momento che si puo` procedere ad una prima sintesi di massima del meccan-
ismo imponendo alcune proporzioni desiderate tra le lunghezze dei membri. Cio` e` rilevante
laddove le proporzioni e le forme costituiscono un aspetto rilevante, come ad esempio nel
campo dell’interior design o del design in generale.
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Abstract. I consumi sempre piu` bassi degli attuali dispositivi elettronici permettono lo
sviluppo di reti di sensori energeticamente autonome, che si autoalimentano recuperando
l’energia dispersa nell’ambiente. Una via particolarmente promettente e` quella del recupero
dell’energia da vibrazioni meccaniche ambientali convertendole in energia elettrica
tramite, ad esempio, trasduttori piezoelettrici o elettromagnetici. Questo lavoro presenta
la progettazione e la convalida sperimentale di un innovativo ed efﬁciente convertitore
elettromagnetico di energia da vibrazioni ambientali, basato su un sistema di molle
elicoidali contrapposte rispetto ad un magnete permanente di massa variabile, capace di
essere sintonizzato sulla frequenza desiderata.
Keywords: electromagnetic energy harvesting, ambient vibrations, multifrequency
response, experimental
1. INTRODUZIONE
La conversione dell’energia cinetica associata alle vibrazioni ambientali, in energia elet-
trica mediante trasduzione elettromagnetica, e` una via particolarmente efﬁciente per autoal-
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imentare dispositivi e sensori elettronici autonomi. In tal modo e`, infatti, possibile ren-
dere energeticamente autonomi i sensori, evitando tra l’altro le costose operazioni di sosti-
tuzione delle batterie o il cablaggio elettrico delle reti. In letteratura sono proposte numerose
soluzioni per la conversione dell’energia cinetica ambientale in energia elettrica, sia basata
su trasduzione piezoelettrica sia su trasduzione elettromagnetica. In particolare, e` possibile
distinguere tra sistemi con risposta lineare [1–11] e sistemi con risposta non lineare [12–19].
Tra i sistemi elettromagnetici con risposta non lineare, di particolare interesse quelli basati su
molle magnetiche, particolarmente efﬁcienti per il recupero di energia da vibrazioni. Nico et
al [18] propongono un convertitore di energia, da vibrazioni ambientali a due gradi di liberta`
con ampliﬁcazione di velocita` e trasduzione elettromagnetica, che ha la peculiarita` di lavorare
a frequenza inferiore ai 20 Hz. La caratteristica di questo convertitore sono le dimensioni ri-
dotte (equivalente ad una batteria di tipo C), e l’impiego di molle elettromagnetiche, che
permettono il movimento di un magnete rispetto ad una bobina. Molti altri sono gli esempi di
convertitori che impiegano molle magnetiche, sia con conversione elettromagnetica [19], sia
ibridi [19]. Caratteristica comune a queste soluzioni e` l’ingombro ridotto e la compattezza,
per rendere possibile la loro applicazione in sistemi di piccole dimensioni. Questo lavoro
presenta la progettazione concettuale, lo sviluppo e la convalida sperimentale di un innova-
tivo convertitore eletromagnetico di energia nell’ambito delle basse frequenze (minori di 50
Hz), orientato a sistemi di elevate dimensioni. Il sistema e` costituito da una bobina che trasla
rispetto ad un magnete ad essa coassiale, ﬁsso a telaio; grazie ad una sospensione basata su
molle elicoidali contrapposte, si ottiene un’elevata corsa della bobina, a favore dell’efﬁcienza
di conversione. L’articolo e` strutturato in tre sezioni. Nella prima sono descritti gli aspetti
teorici alla base del convertitore e la sua progettazione; nella seconda si riporta la convalida
sperimentale e nella terza si discutono i risultati. In particolare, la convalida sperimentale ha
confermato la capacita` del sistema di lavorare a basse frequenze di risonanza, nell’intorno
dei 10 Hz, con una signiﬁcativa generazione di potenza. La soluzione proposta appare quindi
promettente per il recupero di energia da vibrazioni ambientali in ambiti sia civili, sia indus-
triali caratterizzati da basse frequenze.
2. METODO
La progettazione del convertitore elettromagnetico di energia ha seguito la metodologia strut-
turata del Quality Function Deployment [20], partendo dai bisogni cliente, ﬁno alla proget-
tazione concettuale, di sistema e di dettaglio. Le sezioni seguenti sezioni presentano i passi
principali di questo percorso. In particolare, si e` puntato all’efﬁcienza di conversione, alla
facilit di sintonizzazione su differenti frequenze di esercizio e ad un ingombro ridotto.
Concetto di Convertitore
Figura 1 mostra il concetto di convertitore proposto in questo lavoro, evidenziando i blocchi
rappresentanti le sue funzioni principali. Si tratta di un sistema ad un grado di liberta`, costi-
tuito da una bobina di rame (2) che scorre su delle guide con accoppiamento prismatico (6).
La bobina (2) e` collegata al telaio (1) tramite delle molle elicoidali (3). Quando il sistema
va in risonanza meccanica, la bobina e` eccitata dinamicamente e compie un moto traslatorio
alternativo rispetto ad un magnete permanente (5), ﬁsso a telaio tramite dei supporti (4). Per
induzione elettromagnetica si origina una forza elettromotrice ai capi della bobina, che puo`
essere utilizzata per fare funzionare un dispositivo oppure ricaricare una batteria.
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Figure 1. Schema concettuale della soluzione proposta per il convertitore elettromagnetico
Figure 2. Schema del sistema meccanico equivalente al convertitore in Figura 1
Analisi Dinamica del Convertitore
Figura 2 mostra lo schema del sistema meccanico equivalente al concetto di convertitore di
Figura 1. Trattandosi di un sistema ad un grado di liberta`, riconducibile al classico schema
massa, molla e smorzamento, la risposta dinamica del convertitore e` descritta dalla seguente
equazione di equilibrio dinamico:
mx¨+ cx˙+ kx = F0cos(ωt) (1)
dove con m si intende la massa del sistema vibrante, con c la costante di smorzamento,
con k la rigidezza complessiva delle molle in serie, con F0 e con ω, rispettivamente, il modulo
e la frequenza della forzante. Risolvendo l’equazione differenziale si ottiene l’ampiezza di
oscillazione X0. Esprimendola in funzione sia del rapporto tra la pulsazione della forzante
ω e della pulsazione naturale del sistema non smorzato ωn, sia del fattore di smorzamento
ζ = c
ccr
= c
2
√
km
si ottiene:
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Figure 3. Ampiezza della risposta in frequenza di un sistema ad un grado di liberta`
X0 =
F0
k√
(1− ( ω
ωn
)2)2 + (2ζ ω
ωn
)2
(2)
Con riferimento all’equazione 2, Figura 3 mostra nel dettaglio il classico andamento
dell’ampiezza della risposta di un sistema lineare in funzione della frequenza della forzante
in ingresso e dello smorzamento intrinseco al sistema. Ipotizzando uno smorzamento del
5% [21], ragionevole per un sistema di questo tipo soggetto principalmente allo smorza-
mento dovuto all’attrito nelle coppie prismatiche ed all’attrito viscoso con l’aria, ne deriva la
frequenza naturale alla quale il sistema reale va in risonanza, in particolare:
ωs = 0.95ωn (3)
dove ωs rappresenta la pulsazione propria del sistema smorzato. Per n molle disposte in
parallelo, la pulsazione naturale del sistema sara`:
ωs = 0.95
√
nk
m
(4)
Esplicitando rispetto alla rigidezza k, si ottiene il valore che devono avere le molle in
funzione della pulsazione della forzante desiderata:
k = (
ωs
0.95
)2
m
n
(5)
A titolo di esempio, ipotizzando una massa della bobina pari a 0.25 kg (massa sospesa),
quattro molle in parallelo, imponendo una frequenza naturale del sistema pari a 14 Hz, dalla
5 si trova che la rigidezza della singola molla deve essere pari a 535 N/mm. Incrementando
la massa sospesa a 0.35 kg o 0.45 kg, la frequenza naturale del sistema smorzato, ωs, prevista
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Figure 4. Ampiezza della risposta in frequenza di un sistema ad un grado di liberta`
dal modello si riduce a 11.8 Hz e 10.4 Hz rispettivamente. Con riferimento al graﬁco in
ﬁgura Figura 4, e` possibile intravedere il tipico andamento di un inverso del quadrato, come
suggerito dall’equazione 4.
Analisi della Conversione Elettromagnetica
Dal punto di vista della conversione elettromagnetica, il sistema proposto segue la legge di
Faraday-Lenz, ossia la forza elettromotrice ai capi della bobina e` direttamente proporzionale
alla velocita` di variazione del ﬂusso del campo magnetico attraverso la bobina.
Figura 5 mostra il modello computazionale magnetostatico sviluppato al ﬁne di prevedere
in dettaglio il comportamento del sistema impiegando il software commerciale FEMM. Il
modello e` assialsimmetrico e descrive i magneti permanenti impiegati, il telaio che li sostiene
ed una regione di ambiente sufﬁciente a contenere il campo magnetico ad essi associato.
Figura 6 mostra l’andamento del campo magnetico nel sistema per due differenti conﬁgu-
razioni. Il caso A descrive il ﬂusso magnetico all’interno di una generica spira quando la
bobina si trova nel punto pi distante dal magnete (la scelta della distanza per lo studio e` stata
presa in base a considerazioni sulla dinamica attesa della bobina). Il caso B, invece, e` fun-
zionale ad ottenere il ﬂusso magnetico nel punto in cui il ﬂusso sara` massimo. Misurando
la variazione di ﬂusso magnetico che la singola spira incontra tra la posizione di Figura 6
B (posizione di massima escursione) e di Figura 6 A (piano di simmetria orizzontale), con-
siderando la frequenza di risonanza del sistema e quindi la velocita` di variazione del ﬂusso
entro la spira, nell’ipotesi di andamento lineare del ﬂusso magnetico, e` possibile stimare la
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Figure 5. Modello del magnete, dei supporti e dell’aria circostante sul software FEMM
forza elettromotrice indotta che si genera ai suoi capi, secondo la seguente relazione approssi-
mata:
|ξ| =
ΔΦB
Δt
= 0.018[V ] (6)
Ipotizzando, inﬁne, un totale di 1000 spire, e considerando un coefﬁciente di riduzione
δ = 0.5 che tenga conto che non tutte le spire sono soggette alla stessa variazione di ﬂusso, la
tensione prevista ai capi della bobina risulta di circa 9 V. Questo modello permette di stimare
l’ordine di grandezza delle tensioni attese in uscita dal convertitore.
3. PROGETTO DI DETTAGLIO E COSTRUZIONE DEL CONVERTITORE
Figura 7 mostra un complessivo del prototipo del convertitore, sviluppato in base all’analisi
descritta nelle sezioni precedenti. Il cuore del dispositivo e` il magnete permanente cilindrico
al neodimio (1): il convertitore impiega un anello magnetico avente diametro φ 25 mm,
spessore radiale 10 mm, altezza 35 mm [22], ﬁssato a telaio (5) mediante i supporti di nylon
(4). Il supporto (2) dell’avvolgimento di rame (4) e` collegato al telaio in acciaio, mediante
quattro molle (6) disposte in parallelo, e su di esso possono essere aggiunte delle masse
(come su un bilanciere), in modo da permettere di cambiare facilmente la frequenza naturale
del sistema. Tale supporto puo` scorrere parallelamente all’asse del magnete mediante le guide
in Teﬂon (7). Come visibile dallo schema in Figura 7, le dimensioni del convertitore sono
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Figure 6. Distribuzione del campo magnetico in accordo all’analisi magnetostatica agli ele-
menti ﬁniti effettuata sul modello del sistema
state ﬁssate a 200 mm di altezza, 110 mm di larghezza e 80 mm di lunghezza, in accordo
all’obiettivo di sviluppare un convertitore di taglia elevata per sistemi di dimensioni grandi.
Per la costruzione del prototipo, si e` fabbricato il telaio in acciaio tramite taglio laser, il
supporto della bobina mediante stampa 3D e i supporti in Teﬂon lavorati al tornio. Le molle
e i bulloni sono stati scelti, invece, tra componenti commerciali. La bobina realizzata sul
convertitore ha un ﬁlo di diametro 0.3 mm ed un totale di 1000 spire, che producono una
resistenza di 33 Ohm. Figura 8a mostra il rendering del modello tridimensionale e la Figura
8b mostra il corrispondente prototipo di convertitore.
4. CONVALIDA SPERIMENTALE
L’obiettivo del piano di prove sperimentali svolto e` stato duplice. Primo, misurare la fre-
quenza di risonanza del convertitore in funzione in particolare della massa oscillante del
sistema. Secondo, misurare la potenza elettrica che il convertitore e` in grado di erogare in
funzione della frequenza di eccitazione e dei parametri di esercizio del sistema. Le prove di
eccitazione dinamica sono state svolte impiegando uno shaker elettromagnetico Data Physics
BV400 [23], controllato in retroazione da pc mediante un software proprietario. A tal ﬁne
si e` ﬁssato alla tavola vibrante dello shaker un accelerometro triassiale (356 A01 PCB
Piezotronic) [24]. Per monitorare la risposta del sistema, si e` inoltre ﬁssato un accelerometro
(356B21 PCB Piezotronic) [24] sul supporto della bobina del convertitore (massa sismica).
La tensione elettrica ai capi del convertitore e` stata misurata mediante la scheda di acqui-
sizione National Instruments, NI 9229/9239. Le prove sperimentali svolte sono state organiz-
zate in due fasi. Al ﬁne di determinare la frequenza propria del sistema al variare della massa
sismica, nella prima fase si e` svolto uno sweep in frequenza da 5 a 20 Hz, imponendo una
legge di moto con ampiezza di spostamento pari a 3 mm. In particolare, si sono considerati
tre livelli di massa: 0.250 kg, pari al peso proprio della sola bobina, 0.350 kg e 0.450 kg
ottenute, invece, aggiungendo alla bobina masse addizionali. La seconda fase ha riguardato
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Figure 7. Disegno tecnico del convertitore
lo studio della risposta del convertitore alla frequenza di risonanza speciﬁca di ciascuno dei
tre livelli di massa sismica. In questo caso, si e` applicato al convertitore un carico resis-
tivo che massimizza il trasferimento di potenza, coincidente quindi con la resistenza interna
dell’avvolgimento e si sono misurate la tensione elettrica e la potenza erogate.
5. RISULTATI SPERIMENTALI
Figura 9 mostra l’andamento della risposta in frequenza del sistema, per i tre livelli di massa
sismica considerati. Con riferimento alla conﬁgurazione di massa sismica pari a 0.250 kg,
Figura 10 mostra l’andamento della tensione elettrica in uscita dal convertitore in funzione
del tempo. Le Figure 11 e 12 mostrano rispettivamente l’andamento della tensione e della
potenza root mean square, misurate sul convertitore in funzione della massa sismica applicata.
6. DISCUSSIONE
L’andamento della funzione di trasferimento in Figura 9 evidenzia che il convertitore pro-
posto ha fornito una frequenza di risonanza pari a 10 Hz in corrispondenza della massa sis-
mica da 0.450 kg, che poi aumenta a 11.5 Hz e 13.5 Hz al diminuire della massa sismica a
0.350 kg e 0.250 kg. Altra peculiarit della risposta del sistema e` che la funzione di trasfer-
imento assume un valore nettamente superiore all’unit in un elevato intervallo di frequenza:
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Figure 8. A sinistra il rendering del modello (A) e a destra il modello reale (B)
questo signiﬁca che il sistema converte energia cinetica in elettrica, in misura signiﬁcativa, gi
prima del raggiungimento della frequenza di risonanza.
Il proﬁlo dell’andamento della tensione misurata in uscita dal convertitore (Figura 10) si
caratterizza per il tipico andamento alterno ed abbastanza regolare, con picchi di intensit ﬁno
a 10 V.
Dall’istogramma della tensione RMS (Figura 11) si vede poi che il valore della tensione
media misurata in uscita dal convertitore diminuisce all’aumentare della massa sismica sul
convertitore, in quanto all’aumentare della frequenza di risonanza diminuisce la corsa della
bobina rispetto al magnete permanente.
Lo stesso andamento si osserva nell’istogramma della potenza media misurata in uscita
al convertitore (Figura 12). Questo istogramma evidenzia tra l’altro che il convertitore ha
eroga un’elevata la potenza rispetto ai sistemi di letteratura [18]: in particolare, la densita` di
potenza raggiunta, pari a 631µW/cm3 e con un’accelerazione inferiore ad 1g, rappresenta
un risultato di particolare rilevanza nel contesto di quanto gia` proposto in letteratura [19].
In conclusione, il dispositivo proposto e` particolarmente adatto per strutture di grandi
dimensioni (strutture civili, macchine utensili, treni), si caratterizza per una bassa frequenza
di esercizio, sintonizzabile sul valore desiderato in relazione alla massa sismica scelta ed alla
rigidezza delle molle che sostengono la massa sismica, ed ha un’elevata potenza speciﬁca.
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Figure 9. Funzione di trasferimento del convertitore in funzione della frequenza, per tre
livelli di massa sismica: 0.250 kg (a), 0.350 kg (b) e 0.450 kg (c).
7. CONCLUSIONI
Il lavoro presenta un convertitore elettromagnetico per il recupero di energia dalle vibrazioni
ambientali, con dimensioni dell’ordine di due decimetri cubi. Si e` descritto lo sviluppo con-
cettuale, il dimensionamento dello stadio di conversione elettromagnetica, la progettazione
strutturale e la convalida prototipale. I risultati sperimentali mostrano una bassa frequenza di
risonanza per il sistema, nell’intervallo da 10 Hz a 15 Hz, ed un’elevata tensione e potenza
generate. In particolare, si evidenzia l’elevata potenza speciﬁca se confrontata con i converti-
tori presenti in letteratura. Il dispositivo e` applicabile a strutture civili, industriali o mezzi di
trasporto di grandi dimensioni, ed e` facilmente sintonizzabile alla frequenza desiderata.
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([SHULPHQWDO HYLGHQFH VKRZV WKDW D VHOI±H[FLWHGYLEUDWLRQ XVXDOO\ UHIHUUHG WR DV FKDWWHU
FDQDSSHDUGXULQJEUDNLQJPDQRHXYUHVSHUIRUPHGE\URDG±UDFLQJPRWRUF\FOHV,WLQYROYHV
YHUWLFDORVFLOODWLRQRIIURQWDQGUHDUZKHHOD[OHVDVZHOODVDQJXODURVFLOODWLRQRIWKHGULYH
OLQHLQDIUHTXHQF\UDQJHEHWZHHQDQG+]$VDFRQVHTXHQFHVHYHUHRVFLOODWLRQVRI
WKHW\UH±JURXQGYHUWLFDOORDGVFDQEHREVHUYHGZHDNHQLQJWKHYHKLFOHRYHUDOOSHUIRUPDQFH
6HYHUDO FRQWULEXWLRQV RQ WKLV WRSLF FDQ EH DFFRXQWHG IRU LQ WKH OLWHUDWXUH KRZHYHU D
FRPSUHKHQVLYHGHVFULSWLRQRIWKHSKHQRPHQRQKDVQRWEHHQJLYHQ\HW,QIDFWDQXPEHURI
DXWKRUVFRQVLGHUHGWKHSUREOHPDVSODQDUDQGIRFXVHGRQWKHLQWHUDFWLRQEHWZHHQGULYHOLQH
DQG UHDU W\UH GXULQJ EUDNLQJPDQRHXYUHVZKLOH RWKHUV DQDO\]HG WKH VWDELOLW\ RI D WKUHH±
GLPHQVLRQDOPRWRUF\FOHPRGHOGXULQJVWHDG\±VWDWHFRUQHULQJWHVWV0RUHSUHFLVHO\7H]XND
et al.>@VKRZHGKRZDQRXW±RI±SODQHPRGHUHODWHGWRODWHUDODQGUDGLDOGHIRUPDELOLW\RI
W\UHVPD\EHFRPHXQVWDEOHZKHQ LQFUHDVLQJ WKHFRUQHULQJHIIRUW LQVWHHULQJSDGPDQRHX
YUHV6KDUS>@GHPRQVWUDWHGWKDWWKHIUDPHODWHUDODQGWRUVLRQDOIOH[LELOLWLHVPD\JLYHULVH
WR DQ RXW±RI±SODQH XQVWDEOHPRGH LQ D IUHTXHQF\ UDQJH FORVH WR WKH FKDWWHU RQH2Q WKH
RWKHU KDQG &RVVDOWHU et al. >@ XVLQJ D SODQDUPXOWLERG\PRGHO IRXQG WKDW WKH GULYHOLQH
PRGHFDQEHFRPHXQVWDEOHGXULQJDVWUDLJKWUXQQLQJEUDNLQJPDQRHXYUH
,Q WKLV VWXG\ WKH DQDO\VLV RI D SRVVLEOH GULYLQJPHFKDQLVP IRU PRWRUF\FOH FKDWWHU LV
SUHVHQWHGZLWKWKHDLGRIERWKDPLQLPDOPRGHODQGDPRWRUF\FOHSODQDUPXOWLERG\PRGHO
7KHPLQLPDOPRGHOFRQVLVWVRIDGHJUHHVRIIUHHGRPZKHHO±VZLQJDUPUHDUVXVSHQVLRQ
ZLWK FKDLQ WUDQVPLVVLRQ FRQQHFWHG WR D IUDPH WUDQVODWLQJ DW LPSRVHG FRQVWDQW VSHHG ,WV
VWDELOLW\KDVEHHQVWXGLHGLQHTXLOLEULXPFRQILJXUDWLRQVYLDHLJHQYDOXHDQDO\VLVE\PHDQV
RI DQDO\WLFDOO\ GHWHUPLQHG PDSV ,W KDV EHHQ IRXQG WKDW WKH NH\ UROH LQ WKH VZLWFKLQJ 
PHFKDQLVPWRLQVWDELOLW\LVSOD\HGE\WKHQRQOLQHDUFKDUDFWHULVWLFVOLSIXQFWLRQRIWKHW\UH
DQGPRUHSUHFLVHO\E\LWVSDUWLDOGHULYDWLYHZLWKUHVSHFWWRWKHVWDWLRQDU\FRPSRQHQWRIWKH
YHUWLFDOJURXQGIRUFH,WFDQLQFUHDVHWKHSKDVH±ODJEHWZHHQWKHQRQ±VWDWLRQDU\FRPSRQHQWV
RIWKHVOLSDQGORQJLWXGLQDOJURXQGIRUFH XSWRDFULWLFDOYDOXHJLYLQJULVHWRDQRQ±FRQVHU
YDWLYHUHVWRULQJIRUFHDQGWRDQDV\PPHWULFVWLIIQHVVPDWUL[>@
BBBBBBBBBBBBBBBBBBBBBBB
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ILUVWGXULQJWUDQVLHQWVWUDLJKWUXQQLQJEUDNLQJPDQRHXYUHVYLDWLPHGRPDLQVLPXODWLRQV
DQGWKHQLQFRQVWDQWVSHHGEUDNLQJFRQILJXUDWLRQVWLPH±LQYDULDQWYLDHLJHQYDOXHDQDO\VLV
7LPHGRPDLQLQWHJUDWLRQRIWKHHTXDWLRQVRIPRWLRQKDVVKRZQDQXQVWDEOHRVFLOODWLRQRQVHW
DW D IUHTXHQF\ RI DERXW  +] GXULQJ WUDQVLHQW EUDNLQJPDQRHXYUHV LGHQWLILHG ZLWK WKH
GULYHOLQHPRGHYLDIUR]HQ±WLPHHLJHQYDOXHDQDO\VLV'XHWRZHOONQRZQOLPLWDWLRQVRIWKLV
WHFKQLTXHLQWKHSUHGLFWLRQRIVWDELOLW\>@DSURFHGXUHWRVLPXODWHWLPH±LQYDULDQWVWUDLJKW
UXQQLQJ EUDNLQJ PDQRHXYUHV KDV EHHQ LQWURGXFHG FRQVLVWLQJ RI DSSOLFDWLRQV RI H[WHUQDO
ILFWLWLRXVDFWLRQVQDPHO\ ORQJLWXGLQDODFFHOHUDWLRQVDQGORDGWUDQVIHUV7KLVVWUDWHJ\KDV
RSHQHGWKHSRVVLELOLW\RIGUDZLQJVWDELOLW\PDSVIRUWKHGULYHOLQHYLEUDWLRQPRGHE\PHDQV
RIVWDQGDUGHLJHQYDOXHDQDO\VLV DVGLVSOD\HG LQ WKHILJXUHEHORZZKHUH WKH WUDMHFWRU\RQ
WKHULJKWUHSUHVHQWVDQRQ±VWDWLRQDU\EUDNLQJPDQRHXYUH$QHIILFLHQWUHFXUVLYHSURFHGXUH
KDVEHHQGHYHORSHG IRU FRPSXWLQJ VWDELOLW\ WKUHVKROGVZKHQ WKHHLJHQSUREOHPGLPHQVLRQ
ZRXOGPDNHFXPEHUVRPHDGLUHFWGHULYDWLRQIURP5RXWK±+XUZLW]FULWHULRQ>@
&RPSDULVRQ RI WKH UHVXOWV ZLWK WKRVH RI WKH PLQLPDO ±GRIV PRGHO KDV VKRZQ IXOO
FRQVLVWHQF\ FRQILUPLQJ WKDW WKH NH\ UROH LQ WKH VZLWFKLQJPHFKDQLVP WR GULYHOLQH LQVWD
ELOLW\ LV SOD\HG E\ WKH QRQOLQHDU FKDUDFWHULVWLF VOLS IXQFWLRQ RI WKH W\UH DQG WKDW DOO WKH
UHOHYDQWIHDWXUHVDQGSDUDPHWHUVFRQWUROOLQJWKHRQVHWDQGGHYHORSPHQWRIGULYHOLQHFKDWWHU
LQVWDELOLW\DUHWKRVHLQFOXGHGLQWKHPLQLPDOPRGHO
5()(5(1&(6
>@ 7H]XND <.RNXEX 6 6KLRPL< et al  ³9LEUDWLRQ FKDUDFWHULVWLFV DQDO\VLV LQ YHKLFOH
ERG\YHUWLFDOSODQHRIPRWRUF\FOHGXULQJWXUQLQJ´+RQGD5	'7HFKQLFDO5HYLHZ
>@ 6KDUS'DQG:DWDQDEH<³&KDWWHUYLEUDWLRQVRIKLJK±SHUIRUPDQFHPRWRUF\FOHV´9HKL
FOH6\VWHP'\QDPLFV
>@ &RVVDOWHU9 /RW5 DQG0DVVDUR0  ³7KH FKDWWHULQJ RI UDFLQJPRWRUF\FOHV´9HKLFOH
6\VWHP'\QDPLFVSS±
>@ 6RUUHQWLQR 6 /HRQHOOL /  ³$ VWXG\ RQ WKH VWDELOLW\ RI DPRWRUF\FOH ZKHHO±VZLQJDUP
VXVSHQVLRQZLWKFKDLQWUDQVPLVVLRQ´9HKLFOH6\VWHP'\QDPLFV$YDLODEOHIURPKWWSG[GRLRUJ

>@ /HRQHOOL / DQG0DQFLQHOOL 1  ³$ PXOWLERG\ PRWRUF\FOH PRGHO ZLWK ULJLG±ULQJ W\UHV
IRUPXODWLRQDQGYDOLGDWLRQ´9HKLFOH6\VWHP'\QDPLFV±
>@ 5RVHQEURFN+³7KH6WDELOLW\RI/LQHDU7LPH±GHSHQGHQW&RQWURO6\VWHPV´,QWHUQDWLRQDO
-RXUQDORI(OHFWURQLFV
>@ /HRQHOOL/&DWWDEULJD6DQG6RUUHQWLQR6³'ULYHOLQHLQVWDELOLW\RIUDFLQJPRWRUF\FOHV
LQVWUDLJKWEUDNLQJPDQRHXYUH´6XEPLWWHGWR-RXUQDORI0HFKDQLFDO(QJLQHHULQJ6FLHQFH
7KHVWDELOLW\RIWKHGHJUHHVRIIUHHGRPSODQDUPRWRUF\FOHPRGHO>@KDVEHHQVWXGLHG
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.H\ZRUGV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7KHJHQHUDOLQFUHDVLQJWUHQGWRZDUGVKLJKVSHHGURWDWLQJHTXLSPHQWLQFRQMXQFWLRQZLWK
KLJKHU SRZHU GHQVLW\ HQFRXUDJHV IXUWKHU LQVLJKWV LQWR WKH XQGHUVWDQGLQJ RI WKH G\QDPLF
EHKDYLRXU RI WRUTXH±WUDQVPLWWLQJ IOH[LEOH URWRUV ,Q WKLV UHVHDUFK ILHOG WKH XVH RI ILQLWH
HOHPHQWPRGHOVLVQRZDGD\VZLGHVSUHDGKRZHYHUGLVWULEXWHGSDUDPHWHUIRUPXODWLRQVVWLOO
UHPDLQRIVRPHLQWHUHVWDWOHDVWIRUDQDO\WLFDOLQYHVWLJDWLRQVDQGYDOLGDWLRQSXUSRVHV
&RQWLQXRXV PRGHOV RI URWDWLQJ VKDIWV KDYH EHHQ VWXGLHG KLJKOLJKWLQJ WKH HIIHFWV RI 
WUDQVYHUVH VKHDU URWDWRU\ LQHUWLD J\URVFRSLF PRPHQWV DQG FRQVLGHULQJ WKH DGGLWLRQDO
FRQWULEXWLRQ RI D[LDO HQG WKUXVW DQG WZLVWLQJPRPHQW 7KH HTXDWLRQV RIPRWLRQ IRU V\P
PHWULF DQG DV\PPHWULF URWRUV ZLWKRXW WKH FRQWULEXWLRQ RI D[LDO ORDGV  ZHUH GHULYHG E\ 
'LPHQWEHUJ>@DGRSWLQJWKH1HZWRQLDQIRUPXODWLRQ(DUO\LQYHVWLJDWLRQVDERXWWKHHIIHFWV
RID[LDOHQGWKUXVWDQGWZLVWLQJPRPHQWRIFRQVWDQWPDJQLWXGHDFWLQJVLPXOWDQHRXVO\RQD
XQLIRUPVKDIW FDQEH IRXQG LQ WKHZRUNRI*UHHQKLOO >@0RUH UHFHQWO\ WKHHIIHFWVRIDQ
D[LDOHQGWZLVWLQJPRPHQWDORQHRQWKHIOH[XUDOEHKDYLRXURIDURWDWLQJVOHQGHUVKDIWZDV
VWXGLHG DFFRUGLQJ WR WKH 7LPRVKHQNR EHDP PRGHO E\ (VKOHPDQ DQG (XEDQNV >@ 7KH
HTXDWLRQV RI PRWLRQ RI D URWDWLQJ 7LPRVKHQNR EHDP VXEMHFWHG WR D[LDO HQG WKUXVW ZHUH
GHULYHG ZLWK /DJUDQJLDQ IRUPXODWLRQ E\ &KRL et al >@ $Q DQDO\VLV RI WKH HIIHFWV RI
FRPELQHG H[WHUQDO D[LDO HQG WKUXVW DQG WZLVWLQJ PRPHQW ZDV SURSRVHG E\:LOOHPV DQG
+RO]HU >@ DQG ODWHU E\ 'XELJHRQ DQG0LFKRQ >@ ZKR DGRSWHG WKH 7LPRVKHQNR EHDP
PRGHOFDVWLQJGRXEWVRQVRPHUHVXOWVREWDLQHGLQ>@
,Q WKLV VWXG\ IXUWKHU LQVLJKWV DUH SURSRVHG LQ WKH DQDO\VLV RI D GLVWULEXWHG SDUDPHWHU
PRGHO RI D KLJK±VSHHG SRZHU WUDQVPLWWLQJ IOH[LEOH URWRU $ IDVW DQG HDV\ WR LPSOHPHQW
PHWKRG KDV EHHQ GHYHORSHG IRU WKH FDOFXODWLRQ RI QDWXUDO IUHTXHQFLHVPRGDO VKDSHV DQG
FULWLFDO VSHHGV RI D FRQWLQXRXV URWDWLQJ VKDIW FRQVLVWLQJ RI D KRPRJHQHRXV XQLIRUP
7LPRVKHQNR VWUDLJKW EHDP URWDWLQJ DW FRQVWDQW DQJXODU VSHHG DERXW LWV ORQJLWXGLQDO D[LV
DQGVLPXOWDQHRXVO\VXEMHFWHGWRD[LDOHQGWKUXVWDQGWZLVWLQJPRPHQW>@
0RUH LQ GHWDLO WKH HTXDWLRQV RI PRWLRQ KDYH EHHQ GHULYHG XQGHU WKH VPDOO VWUDLQ 
DVVXPSWLRQLQERWK1HZWRQLDQDQG/DJUDQJLDQIRUPXODWLRQVIRUFODULI\LQJVRPHGLVFUHSDQ
FLHV IRXQG DPRQJ UHIHUHQFHV >@ DQG >@ 0RGDO DQDO\VLV RI WKH URWDWLQJ VKDIW XQGHU
BBBBBBBBBBBBBBBBBBBBBBB
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FRPELQHG ORDGVPLVVLQJ LQ WKH OLWHUDWXUHKDV WKHQEHHQGHYHORSHGIRUERWKFRPSOH[DQG
UHDO GLVSODFHPHQW YDULDEOHV KLJKOLJKWLQJ WKH VWUXFWXUH RI WKH DOJHEUDLF DQG GLIIHUHQWLDO
RSHUDWRUVLQYROYHGDQGWKHEL±RUWKRJRQDOLW\SURSHUWLHVRIWKHHLJHQIXQFWLRQV
7KHHIIHFWVRIYDU\LQJWKHPRGHOPDLQJRYHUQLQJSDUDPHWHUV LGHQWLILHGLQVOHQGHUQHVV
UDWLR DQJXODU VSHHG D[LDO HQG WKUXVW DQG WZLVWLQJPRPHQW KDYH EHHQ VWXGLHG RQ QDWXUDO
IUHTXHQFLHV PRGDO VKDSHV DQG FULWLFDO VSHHGV RI WKH URWDWLQJ VKDIW WKH ZKROH DQDO\VLV
FDUULHGRXWZRUNLQJZLWKQRQGLPHQVLRQDOSDUDPHWHUVDQGYDULDEOHV6RPH IXUWKHU LQVLJKWV
KDYHEHHQSURYLGHGRQSDUWLFXODUDVSHFWVVXFKDV WKHDQDO\VLVRI WKHFXW±RII7LPRVKHQNR
EHDPIUHTXHQFLHV>@LQFOXGLQJWKHHIIHFWVRIJ\URVFRSLFPRPHQWVDQGH[WHUQDOORDGV>@DV
GLVSOD\HG LQ WKH ILJXUHDERYHVKRZLQJ WKHFRPSOH[H[SRQHQWVaRIPRGDOVKDSHVDV IXQ
FWLRQVRIWKHHLJHQIUHTXHQFLHVODQGWKHVZLWFKRUFXW±RIIIUHTXHQFLHVLQZKLFKUHDOYDOXHV
RIWKHH[SRQHQWVaEHFRPHLPDJLQDU\
7KH UHVXOWV RI WKLV VWXG\ FRQVWLWXWH WKH EDVLV IRU IXUWKHU GHYHORSPHQWV LQFOXGLQJ
FRPSDULVRQZLWKILQLWHHOHPHQWPRGHOVDQGURWRUVWDELOLW\DQDO\VLVXQGHUFRPELQHGORDGV
5()(5(1&(6
>@ 'LPHQWEHUJ)0Flexural vibrations of rotating shafts%XWWHUZRUWK/RQGRQ
>@ *UHHQKLOO $*  ³2Q WKH VWUHQJWK RI VKDIWLQJ ZKHQ H[SRVHG ERWK WR WRUVLRQ DQG WR HQG
WKUXVW´3URFHHGLQJVRIWKH,QVWLWXWLRQRI0HFKDQLFDO(QJLQHHUV,±
>@ (VKOHPDQ5/ DQG(XEDQNV5$  ³2Q WKH FULWLFDO VSHHGVRI D FRQWLQXRXV URWRU´7UDQ
VDFWLRQVRI WKH$PHULFDQ6RFLHW\RI0HFKDQLFDO(QJLQHHUV -RXUQDO RI(QJLQHHULQJ IRU ,QGXVWU\
±
>@ &KRL6+3LHUUH&DQG8OVR\$*³&RQVLVWHQWPRGHOLQJRIURWDWLQJ7LPRVKHQNRVKDIWV
VXEMHFWWRD[LDOORDGV´$60(-RXUQDORI9LEUDWLRQDQG$FRXVWLFV ±
>@ :LOOHPV1DQG+RO]HU6³&ULWLFDOVSHHGVRIURWDWLQJVKDIWVVXEMHFWHGWRD[LDOORDGLQJDQG
WDQJHQWLDOWRUVLRQ´7UDQVDFWLRQVRIWKH$60(-RXUQDORI(QJLQHHULQJIRU,QGXVWU\ 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1HJOLXOWLPLDQQLVRQRVHPSUHSLQXPHURVHOHDSSOLFD]LRQLQHOFDPSRGHOO
DXWRPRWLYHLQ
FXLOHSRPSHDGLQJUDQDJJLHVWHUQLYHQJRQRGLUHWWDPHQWHFROOHJDWHDOO
DOEHURPRWRUHLQYHFH
FKH DG XQ PRWRUH HOHWWULFR RSHUDQGR GL FRQVHJXHQ]D DG DOWH YHORFLWj H DOWH SRUWDWH ,O
UDJJLXQJLPHQWRGLWDOLFRQGL]LRQLGLODYRURXQLWRDOODSUHVHQ]DGL]RQHGLEDVVDSUHVVLRQH
FRPSRUWDWDOYROWDORVYLOXSSDUVLGLIHQRPHQLGLFDYLWD]LRQHFKHSURYRFDQRUXPRUHSHUGLWDGL
SUHVWD]LRQL H XVXUD GHOOH VXSHUILFL LQWHUQH 1H FRQVHJXH O¶LPSRUWDQ]D GL FRQRVFHUH OD
GLQDPLFDGLTXHVWLIHQRPHQLSHUHOLPLQDUHRTXDQWRPHQRULGXUUHJOLHIIHWWLFKHQHGHULYDQR
/
DUWLFRORSUHVHQWDXQ
DQDOLVLVSHULPHQWDOHHQXPHULFDGHLIHQRPHQLFDYLWDWLYLLQSRPSH
DGLQJUDQDJJLHVWHUQLXWLOL]]DWHQHOFDPSRGHOO
DXWRPRWLYH
/H ULOHYD]LRQL VSHULPHQWDOL FRQGRWWH KDQQR FRQVHQWLWR GL YDOXWDUH O
DQGDPHQWR GHO
UHQGLPHQWRYROXPHWULFRGHOODSRPSDH OHSUHVVLRQLDFXVWLFKHUHJLVWUDWHGDXQ LGURIRQR ,Q
JHQHUDOH D VHJXLWRGHO YHULILFDUVL GHL IHQRPHQL GL FDYLWD]LRQH L YDORUL506GL SUHVVLRQH
DFXVWLFDDXPHQWDQRFRQVLGHUHYROPHQWHHO¶DQGDPHQWRGHOUHQGLPHQWRYROXPHWULFRFUROODD
FDXVDSULQFLSDOPHQWHGHOODGLPLQX]LRQHGHOODSRUWDWDYROXPHWULFD LQXVFLWD ODSUHVHQ]DGL
DULDOLEHUDLQROLRGHWHUPLQDXQGHFUHPHQWRGLSRUWDWDDSDULWjGLYROXPHGLIOXLGRHODERUDWR
'D TXHVWH FRQVLGHUD]LRQL QDVFH OD QHFHVVLWj GL UHDOL]]DUH XQ PRGHOOR GLQDPLFR FKH
FRQVHQWD GL GHVFULYHUH L IHQRPHQL GL FDYLWD]LRQH H GL SUHYHGHUH QXPHULFDPHQWH LO ORUR
VYLOXSSR QHOOH FRQGL]LRQL RSHUDWLYH GHOOH SRPSH ,Q SDUWLFRODUH q VWDWR PRGLILFDWR H
PLJOLRUDWRXQPRGHOORJLj HVLVWHQWH >@ SHU OD VWLPDGHOOD GLVWULEX]LRQHGHOOD SUHVVLRQH LQ
SRPSHDGLQJUDQDJJLQHOTXDOHVLVRQRLQWURGRWWLLIHQRPHQLGLFDYLWD]LRQH,QSDUWLFRODUHLO
PRGHOORGLFDYLWD]LRQH>@SHUPHWWHGLFDOFRODUHODSUHVHQ]DGLDULDDOO¶LQWHUQRGHOO¶ROLRHGL
YDOXWDUQH O¶LQIOXHQ]D VXOOH SULQFLSDOL JUDQGH]]H FDUDWWHULVWLFKH GHOOD SRPSD FRPH OD
GLVWULEX]LRQHGLSUHVVLRQH ODSRUWDWD LQXVFLWD OH IRU]HYDULDELOL VXOOH UXRWH ODGHQVLWjHLO
PRGXORGLEXONGHOO¶ROLR
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/¶(TUDSSUHVHQWDODIRUPXOD]LRQHGLULIHULPHQWRGHOPRGHOORGLFDYLWD]LRQHGHILQHQGR
ODIUD]LRQHLQPDVVDGLDULDOLEHUDQHOWHPSRFKHVLVYLOXSSDDOO¶LQWHUQRGHOO¶ROLR
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
6LWUDWWDGLXQ¶HTXD]LRQHGLIIHUHQ]LDOHYDOLGDSHUXQYROXPHDSHUWRVRJJHWWRDYDULD]LRQL
GL SUHVVLRQH VFDPEL GL SRUWDWD FRQ O¶HVWHUQR H YDULD]LRQL GL YROXPH ULVSHWWLYDPHQWH
UDSSUHVHQWDWL GDL WUH WHUPLQL FKH OD FRVWLWXLVFRQR/D SRPSDPRQRVWDGLR LQ HVDPH q VWDWD
VFKHPDWL]]DWDDWWUDYHUVRXQPRGHOORDSDUDPHWULFRQFHQWUDWLLQFXLLYROXPLGLFRQWUROORVRQR
LYROXPLFKHVLFUHDQRQHJOLVSD]LWUDGXHGHQWLFRQVHFXWLYLGLFLDVFXQDUXRWD O¶HTXD]LRQH
YLHQHULVROWDSHURJQLYROXPHHYLHQHWURYDWDUHOD]LRQHFRQOHDOWUHJUDQGH]]HFDUDWWHULVWLFKH
SHUYDOXWDUHO¶LQIOXHQ]DGHOODFDYLWD]LRQHVXOODGLQDPLFDGHOODSRPSD
/D)LJXUD$PRVWUDLOFRQIURQWRWUDJOLDQGDPHQWLGHOODSRUWDWDYROXPHWULFDLQXVFLWD
GDOODSRPSDQHOFDVRGHOPRGHOORGLSDUWHQ]DHGHOPRGHOORFKHLQFOXGHODFDYLWD]LRQHVL
QRWDFKHODSUHVHQ]DGLDULDOLEHUDSURGXFHXQDGLPLQX]LRQHGLSRUWDWDGLXVFLWDFRQXQSLFFR
YHUVRLOEDVVRSDUWLFRODUPHQWHFRQVLVWHQWHLQFRUULVSRQGHQ]DGHOODSRVL]LRQHDQJRODUHLQFXL
DYYLHQHLOPDVVLPRULODVFLRGLDULD/D)LJXUD%PRVWUDLQYHFHJOLDQGDPHQWLGHOUHQGLPHQWR
YROXPHWULFRɄ୴HGHOO¶506GHOODSUHVVLRQHDFXVWLFDLQIXQ]LRQHGHOcavitation numberıı  ሺ୧୬ െ ୴ሻ ሺͲǤͷɏଶሻΤ ሻ OHJDWR DOO¶LQYHUVR GHO TXDGUDWRGHOOD YHORFLWj H GLPRVWUD FKH OHPLVXUD]LRQL HVHJXLWH FRQ O¶LGURIRQR KDQQR XQD PDJJLRUH VHQVLELOLWj DOOD ULOHYD]LRQH GHL
IHQRPHQL FDYLWDWLYL ULVSHWWR DOOH PLVXUH GHO UHQGLPHQWR YROXPHWULFR D SDUL DXPHQWR GL
YHORFLWj O¶DXPHQWR GHOO¶506 DYYLHQH SULPD ı  ULVSHWWR DOOD FDGXWD GL Ʉ୴ ı SURYDQGRFKHOHULOHYD]LRQLFRQLGURIRQRPLVXUDQRDQFKHODFDYLWD]LRQHLQFLSLHQWH
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SOMMARIO ESTESO
I test di vibrazione controllati sono utilizzati per veriﬁcare che un componente sia in grado
di resistere alle condizioni operative per il quale e´ progettato. L’utilizzo di test multiassiali
(Multiple-Input Multiple-Output, MIMO), permette di replicare fedelmente in laboratorio tali
condizioni operative.
Nei test controllati, l’algoritmo di controllo e´ in grado di regolare i voltaggi che alimen-
tano gli shakers in modo che la risposta accelerometrica in determinati punti della struttura
sia tale da restituire il target deﬁnito dall’utente. Nei test di qualiﬁca ad eccitazione stocas-
tica, le speciﬁche da replicare sono fornite in frequenza in termini di Power Spectral Density
(PSD). Nel caso speciﬁco di test MIMO, tali speciﬁche non possono limitarsi alle sole PSD
ma vanno incluse ulteriori informazioni derivanti dalla cross-correlazione tra i vari canali di
controllo, deﬁnite in termini di Cross Spectral Density (CSD). In questo caso il target per
l’algoritmo di controllo si trasforma in una matrice, la cosiddetta Matrice di Riferimento,
in cui gli elementi della diagonale sono le PSD e gli elementi fuori dalla diagonale le CSD.
Tale matrice per poter essere replicata, deve necessariamente essere una matrice semi-deﬁnita
positiva. Spesso pero´ le informazioni derivanti dalle CSD non sono note. Un esempio e´ rap-
presentato dal caso in cui il test di qualiﬁca venga eseguito seguendo una normativa tecnica.
Le normative infatti, essendo deﬁnite per test monoassiali, forniscono solamente i proﬁli PSD
da replicare in determinati punti della struttura e spetta dunque al test engineer completare
l’intera Matrice di Riferimento deﬁnendo le CSD in termini di fasi e coerenze tra i vari canali
di controllo. Non tutte le combinazioni di fasi e coerenze generano matrici semi-deﬁnite
positive e dunque controllabili dall’algoritmo.
Ad oggi, sebbene diversi autori abbiano trattato il problema [1, 2], non esiste una pro-
cedura di generazione del target che sia solida ed afﬁdabile. L’obbiettivo di questa ricerca
e´ quello di deﬁnire un metodo che permetta, partendo dalle speciﬁche fornite sotto forma di
PSD e da alcune scelte iniziali fatte dall’utente, di completare l’intera Matrice di Riferimento
in modo tale che questa sia semi-deﬁnita positiva e dunque utilizzabile per eseguire il test.
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Figure 1. Principio del Phase Pivoting
Figure 2. a) Matrice di Riferimento per tre canali di controllo utilizzando il metodo della
potenza minima; b) Potenza totale richiesta dagli shakers per eseguire il test.
L’idea alla base del metodo risiede nel fornire una relazione ﬁsica tra tutti i possibili
proﬁli di fasi nel caso di elevata coerenza tra i canali di controllo. In Fig.1 e´ rappresentato il
caso di tre canali di controllo. In questo caso, deﬁnito lo sfasamento tra due coppie di canali
di controllo (φ12 ed φ13), la terza fase risulta automaticamente ﬁssata (φ23 = φ13 − φ12).
In Fig.2 sono mostrati i risultati ottenuti controllando lo shaker 3D (Dongling 3ES-10-
HF-500) dell’Universita´ di Ferrara. In questo caso, partendo dalle speciﬁche del test (PSD
standard da 1 gRMS), sono stati deﬁniti dei proﬁli di fase e coerenza che restituiscono una
Matrice di Riferimento (Fig.2 a) che oltre ad essere semi-deﬁnita positiva, sia anche in grado
di minimizzare la potenza totale richiesta dagli shakers per eseguire il test (Fig.2 b, si con-
fronta il metodo della potenza minima rappresentato dalla linea blu, rispetto ad altri metodi).
Tale metodo di generazione del target permette di ritardare il limite massimo raggiungibile
dagli shakers (DACs Overload) ed ottenere dunque migliori performance pur mantenendo
ﬁssate le speciﬁche del test.
BIBLIOGRAFIA
[1] MIL-STD, 2014. “Multi-exciter tests”. United States Military Standard 810G Method 527.1.
[2] Underwood, M., Keller, T., and Ayres, R., 2011. “Filling in the mimo matrix performing random
tests using ﬁeld data”. Sound and Vibration, pp. 8–14.
84
$/*25,70,',MISSION SYNTHESIS 3(5 7(67 ', 
48$/,),&$$9,%5$=,21(
0DUFR7URQFRVVL
Dipartimento di Ingegneria Industriale, Università di Bologna 
E-mail: marco.troncossi@unibo.it
.H\ZRUGVTest accelerati qualifica a vibrazione; Test Tailoring; Mission Synthesis; Controllo del kurtosis; 
Sine-on-Random. 
6200$5,2(67(62
,Q DPELWR DXWRPRWLYH DHURVSD]LDOH H PDQLIDWWXULHUR OD VHPSUH SL GLIIXVD WHQGHQ]D D
SHUVRQDOL]]DUH L WHVW GL TXDOLILFD D YLEUD]LRQH LQ IXQ]LRQH GHOO¶DSSOLFD]LRQH HR GHL
FRPSRQHQWLGDDQDOL]]DUHTest TailoringDQ]LFKpULFRUUHUHD1RUPDWLYHFKHSURSRQJRQR
JHQHULFKHSURFHGXUHHJ0,/67'*$0(*ULFKLHGHODGHILQL]LRQHDSSURSULDWD
GL SURILOL YLEUDWRUL GL WHVW Mission Synthesis GD XWLOL]]DUH FRPH HFFLWD]LRQH GHO
FRPSRQHQWHVRJJHWWRDTXDOLILFDLQWHUPLQLGLPRWRLPSRVWRGDOOHWDYROHYLEUDQWL
1HOODULFHUFDFRQGRWWDGDOO¶DXWRUHFLVLSURSRQHGLPLJOLRUDUH OHSURFHGXUHGL0LVVLRQ
6\QWKHVLVDWWXDOPHQWHGLVSRQLELOLOHTXDOLVLEDVDQRVXLSRWHVLSLXWWRVWRVHPSOLILFDWLYHHVX
DOJRULWPLGLFDOFRORUHODWLYDPHQWHSRFRVRILVWLFDWL6LDPELVFHDOODGHILQL]LRQHGLDOJRULWPL
DYDQ]DWL SHU OD VLQWHVL GL VHJQDOL GL HFFLWD]LRQH YLEUDWRULD FKH SRVVDQR UHQGHUH
PDJJLRUPHQWHDIILGDELOLLULVXOWDWLGHULYDQWLGDOOHSURYHGLTXDOLILFDHVHJXLWHLQODERUDWRULR
JHQHUDQGR SURILOL GL WHVW PDJJLRUPHQWH UHDOLVWLFL FLRq DYHQWL OH FDUDWWHULVWLFKH GHOOH
YLEUD]LRQLFKHVROOHFLWDQRLFRPSRQHQWLGDDQDOL]]DUHQHOOHDSSOLFD]LRQLUHDOL
)UD OHSURYHGLTXDOLILFDDYLEUD]LRQHDVVXPRQRXQUXRORSDUWLFRODUPHQWH LPSRUWDQWH L
WHVW YROWL D YDOXWDUH LO FRPSRUWDPHQWR D IDWLFD GHL FRPSRQHQWL LQ HVDPH VROOHFLWDWL GDL
FDULFKLGLQDPLFLGRYXWLDOOHYLEUD]LRQLFXLVRQRVRJJHWWLQHOOHDSSOLFD]LRQLUHDOL3HURYYLH
UDJLRQL GL IDWWLELOLWj VL UHQGH VSHVVR QHFHVVDULR SUHYHGHUH SURYH DFFHOHUDWH GL IDWLFD SHU
SRWHU FRQGXUUH WHVW GL ODERUDWRULR FKH DEELDQRXQD GXUDWD UDJLRQHYROH TXDOFKH GHFLQD GL
RUHDIURQWHGHOODYLWDDWWHVDUHDOHGHOSURGRWWRFKHSXzHVVHUHGLFHQWLQDLDRPLJOLDLDGL
RUH 1HOOD VLQWHVL GHL SURILOL GL WHVW VL SDUWH GD VHJQDOL YLEUDWRUL PLVXUDWL VXO FDPSR LQ
DSSOLFD]LRQL UHDOL H VL FHUFD GL ULSURGXUQH LQ ODERUDWRULR OH FDUDWWHULVWLFKH SULQFLSDOL LQ
SDUWLFRODUHLOFRQWHQXWRVSHWWUDOHLQIUHTXHQ]DLQWHUPLQLGL36'HLOSRWHQ]LDOHGLGDQQRD
IDWLFDDVVRFLDWRDOO¶HFFLWD]LRQHVWHVVD3HUODVWLPDGLTXHVW¶XOWLPRVLXWLOL]]DJHQHUDOPHQWH
ODIXQ]LRQHVSHWWUDOHGHQRPLQDWD)DWLJXH'DPDJH6SHFWUXP)'6>@,OSURILORGLWHVWFKH
VLYXROHVLQWHWL]]DUHSHULOWHVWDFFHOHUDWRGHYHULSURSRUUHSHUXQDGXUDWDOLPLWDWDORVWHVVR
SRWHQ]LDOHGLGDQQRGHOODYLEUD]LRQHGLULIHULPHQWRDSSOLFDWDSHUODGXUDWDUHDOHSUHYLVWDSHU
LO FRPSRQHQWH/H DWWXDOL SURFHGXUHGL0LVVLRQ6\QWKHVLVSURGXFRQRFRPHSURILORGL WHVW
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XQ¶HFFLWD]LRQH GHILQLWD QHO GRPLQLR GHOOH )UHTXHQ]H LQ WHUPLQL GL 36' /D WUDVIRUPDWD
LQYHUVD GL )RXULHU GL XQD 36' HTXLYDOH QHO GRPLQLR GHO 7HPSR DG XQ VHJQDOH UDQGRP
VWD]LRQDULRFRQGLVWULEX]LRQH*DXVVLDQDGHLYDORUL8QWDOHWLSRGLVHJQDOHSRWUHEEHHVVHUH
SRFR UHDOLVWLFR QHO UDSSUHVHQWDUH LO VHJQDOH GL ULIHULPHQWR PLVXUDWR VXO FDPSR TXDORUD
TXHVW¶XOWLPR QRQ VLD *DXVVLDQR FRQVHJXHQWHPHQWH O¶DIILGDELOLWj GHL WHVW GL TXDOLILFD
SRWUHEEH HVVHUH FRPSURPHVVD GDO PRPHQWR FKH QHOOH SURYH GL ODERUDWRULR QRQ YLHQH
FRQVHUYDWDOD³QDWXUD´GHOVHJQDOHGLULIHULPHQWR(VHPSLFRPXQLGLVHJQDOLVWD]LRQDULQRQ
*DXVVLDQL VRQR L FRVLGGHWWL VHJQDOL 6LQHRQ5DQGRP WLSLFL GHL VLVWHPL FKH SUHVHQWDQR
RUJDQLURWDQWLHVHJQDOL/HSWRFXUWLFLLQFXL ODSUHVHQ]DGLHOHYDWLSLFFKLGLDPSLH]]DSHU
HVHPSLR GRYXWL D PLFURXUWL FRPSRUWD XQD GLVWULEX]LRQH SUREDELOLVWLFD GHL YDORUL
IRUWHPHQWH QRQ *DXVVLDQD >@ ,O SDUDPHWUR GHQRPLQDWR kurtosis PRPHQWR VWDWLVWLFR
QRUPDOL]]DWRGHOTXDUWRRUGLQHYLHQHVSHVVRLPSLHJDWRFRPHPHWULFDSHUUDSSUHVHQWDUHOD
QXPHURVLWjH O¶DPSLH]]DGHLSLFFKLGHOVHJQDOH3HUVHJQDOL*DXVVLDQL LOkurtosisYDOH
PHQWUHDVVXPHYDORULPDJJLRULSHUVHJQDOL/HSWRFXUWLFLHYDORULLQIHULRULSHUVHJQDOL6LQH
RQ5DQGRP /D VILGD LQWUDSUHVD LQ TXHVWR DPELWR GL ULFHUFD FRQVLVWH TXLQGL QHO FHUFDUH
IRUPXOD]LRQLLQYHUWLELOLSHUODIXQ]LRQH)'6DQFKHSHUVHJQDOLQRQ*DXVVLDQLLQPRGRWDOH
GD SRWHUOD VIUXWWDUH QHJOL DOJRULWPLGL VLQWHVL SHU OD JHQHUD]LRQHGL SURILOL FKH FRQVHUYLQR
DQFKH OH FDUDWWHULVWLFKH GHO VHJQDOH GL SDUWHQ]D )LJ  8Q DSSURFFLR FKH VHPEUD
SURPHWWHUH EXRQL ULVXOWDWL LQ WDO VHQVR H FKH q VWDWR DGRWWDWR LQ DOFXQL VWXGL JLj FRQGRWWL
GDOO¶DXWRUH>@qO¶DGR]LRQHGLPRGHOOLVWRFDVWLFL
%,%/,2*5$),$
>@/DODQQH&Mechanical Vibration and Shock Analysis ± Volume 5: Specification Development.
QGHG-RKQ:LOH\	6RQV,QF±,67(/RQGRQ
>@6WHLQZROI $ 5DQGRP 9LEUDWLRQ 7HVWLQJ %H\RQG 36' /LPLWDWLRQVSound and Vibration

>@&RUQHOLV%6WHLQZROI$7URQFRVVL05LYROD$³6KDNHU WHVWLQJVLPXODWLRQRIQRQ*DXVVLDQ
UDQGRPH[FLWDWLRQVZLWKWKHIDWLJXHGDPDJHVSHFWUXPDVDFULWHULRQRIPLVVLRQVLJQDOV\QWKHVLV´
Procs. of ICoEV,6HSWHPEHU/MXEOMDQD6ORYHQLDSS±
>@$QJHOL $ &RUQHOLV % 7URQFRVVL 0 ³)DWLJXH 'DPDJH 6SHFWUXP FDOFXODWLRQV LQ D 0LVVLRQ
6\QWKHVLV SURFHGXUH IRU 6LQHRQ5DQGRP H[FLWDWLRQV´ Journal of Physics: Conference Series

>@7URQFRVVL05LYROD$³([SHULPHQWDO$FFHOHUDWHG)DWLJXH/LIH7HVWVXVLQJ9LEUDWLRQ6LQHRQ
5DQGRP6\QWKHVL]HG3URILOHV´Vibroengineering Procedia
)LJXUD3URFHGXUHGL0LVVLRQ6\QWKHVLVDDSSURFFLRDWWXDOHEDSSURFFLRLQQRYDWLYR
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.H\ZRUGV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,1752'8&7,21
'LJLWDO 9ROXPH &RUUHODWLRQ '9& LV D PHDVXUHPHQW WHFKQLTXH XVHG WR HYDOXDWH
GLVSODFHPHQWVWUDLQPDSV LQVLGHKHWHURJHQHRXV VSHFLPHQV WKURXJK WKH FRPSDULVRQRI '
LPDJHVDFTXLUHGEHIRUHDQGDIWHUWKHORDGLQJ$VHULHVRIZRUNVPHDVXUHGWKHUHOLDELOLW\RI
WKLVDSSURDFKLQ]HURVWUDLQFRQGLWLRQ>@7KHUHVXOWVVKRZHGWKDWWKHODUJHUWKHPHDVXUHPHQW
VSDWLDOUHVROXWLRQWKHEHWWHUWKHSUHFLVLRQ)RUȝ&7LPDJHVRIERQH'9&LVDEOHWRLGHQWLI\
\LHOGLQJEXWIRUH[SORULQJSK\VLRORJLFDOUDQJHȝVWUDLQDPHDVXUHPHQWVSDWLDO
UHVROXWLRQ RI  PP LV QHHGHG WR UHGXFH WKH PHDVXUHPHQW XQFHUWDLQWLHV XQGHU 
ȝVWUDLQVWKDWFRXOGEHFRQVLGHUHGDFFHSWDEOH>@
6\QFKURWURQUDGLDWLRQȝ&765ȝ&7LPDJLQJFDQEHXVHGWRDFTXLUHLPDJHVZLWKEHWWHU
VLJQDOWRQRLVHUDWLRDQGYR[HOVL]HZKLFKLPSURYHLPDJHUHVROXWLRQ7KHUHIRUHZKLOH'9&
DSSOLHGWR65ȝ&7LPDJHVKDVWKHSRWHQWLDORISURYLGLQJPRUHSUHFLVHVWUDLQPHDVXUHPHQWV
LWLVFXUUHQWO\QRWNQRZQWRZKDWH[WHQWWKHSUHFLVLRQZRXOGLPSURYHIRUDSSOLFDWLRQVRQWZR
GLIIHUHQWERQHPLFURVWUXFWXUHV
:HDLPHGWRHYDOXDWHWKHPHDVXUHPHQWXQFHUWDLQWLHVRIDJOREDO'9&EDVHGRQȝ&7DQG
65ȝ&7LPDJHVDFTXLUHGIRUFRUWLFDOERQHDQGWUDEHFXODUERQH
0$7(5,$/6$1'0(7+2'6
6SHFLPHQVRIFRUWLFDODQGWUDEHFXODUERQHZHUHH[WUDFWHGIURPDERYLQHIHPXUDQGHPEHGGHG
LQDFU\OLFUHVLQ%RWKVDPSOHVZHUHVFDQQHGWZLFHZLWKRXWDQ\UHSRVLWLRQLQJXVLQJ
 ȝ&76N\6FDQ%UXNHU%HOJLXPYR[HOVL]HRIȝPRQHVSHFLPHQSHUJURXS
ZDVVFDQQHG>@
 65ȝ&7 DW EHDPOLQH O RI 'LDPRQG /LJKW 6RXUFH YR[HO VL]H RI  ȝP WKUHH
WUDEHFXODUDQGIRXUFRUWLFDOVSHFLPHQVZHUHVFDQQHG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)LJXUH7KH6'(5LQIXQFWLRQRIWKHPHDVXUHPHQWVSDWLDOUHVROXWLRQ167KHGRWVDUHIRUWKH
65ȝ&7WKHVTXDUHVIRUWKH65ȝ&7GRZQVDPSOHWKHFURVVHVIRUWKHȝ&7
 65ȝ&7LPDJHVGRZQVDPSOHGWRȝPRIYR[HOVL]HWRHYDOXDWHWKHHIIHFWRIWKHYR[HO
VL]H
7KHLPDJHVZHUHIHGWRDJOREDO'9&6K,57)(7KHXQFHUWDLQWLHVRIWKH'9&ZHUH
HYDOXDWHG IRU D UDQJH RI PHDVXUHPHQW VSDWLDO UHVROXWLRQ 16 IURP  WR  ȝP 7KH
PHDVXUHPHQWXQFHUWDLQW\ZDVHYDOXDWHGDVWKHVWDQGDUGGHYLDWLRQRIWKHHUURU6'(5>@
5(68/76
)RU DOO WKH NLQGV RI LPDJHV DQG ERWK WKH VDPSOHV LQFUHDVLQJ WKH PHDVXUHPHQW VSDWLDO
UHVROXWLRQGHFUHDVHGWKHVWUDLQPHDVXUHPHQWXQFHUWDLQWLHV0D[VSDWLDOUHVROXWLRQLQRUGHUWR
REWDLQ6'(5)LJORZHUWKDQȝVWUDLQV
 WUDEHFXODUDQGFRUWLFDOȝPIRUWKHȝ&7
 WUDEHFXODUDQGFRUWLFDOȝPIRUWKH65ȝ&7
 WUDEHFXODUDQGFRUWLFDOȝPIRUWKH65ȝ&7GRZQVDPSOHG
',6&866,21
7KLVVWXG\VKRZHGWKDWXVLQJKLJKTXDOLW\WRPRJUDPVREWDLQHGE\65ȝ&7WKHPHDVXUHPHQW
XQFHUWDLQWLHV RI D JOREDO '9& DSSURDFK GHFUHDVHV ZLWK UHVSHFW WR WKRVH REWDLQHG ZLWK
ODERUDWRU\ VRXUFH ȝ&7 '9& FRXOG WKHUHIRUH EH XVHG ZLWK 65ȝ&7 GDWD WR HYDOXDWH
GLVSODFHPHQWDQGVWUDLQLQWKHSK\VLRORJLFDOUDQJHZLWKUHPDUNDEOHVSDWLDOUHVROXWLRQ
5()(5(1&(6
 5REHUWV%&HWDOJBiom 
 3DODQFD0HWDOJBiomEng 
 'DOO
$UD(HWDOJBiom
 /LXHWDOJBiom 
$&.12:/('*(0(176
7KH DXWKRUV ZRXOG OLNH WR DFNQRZOHGJH 'LDPRQG /LJKW 6RXUFH IRU WLPH RQ WKH %HDPOLQH ,
SURSRVDODQGWKH(365&0XOWL6LPSURMHFW(3.;IRUIXQGLQJ03DFNQRZOHGJHV
WKH0DUFR3RORWUDYHOJUDQW
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.H\ZRUGVELRPHFKDQLFVVKRXOGHUIUDFWXUHFHPHQWIL[DWLRQUHFRQVWUXFWLRQ 
,1752'8&7,21
1RZDGD\V WKH VWDQGDUG WUHDWPHQW RI SUR[LPDO KXPHUXV IUDFWXUHV LQFOXGHV SUHVKDSHG
PHWDO SODWHV ZLWK D VHULHV RI KROHV IRU FRUWLFDO DQG VSRQJ\ IL[DWLRQ VFUHZV  )UHTXHQW
IDLOXUHVDQGPDOXQLRQVDUHUHSRUWHGHVSHFLDOO\LQFDVHRISRRUERQHTXDOLW\7KHVFRSHRI
WKLVVWXG\ZDVWRFRPSDUHWZRGLIIHUHQWWHFKQLTXHVIRUWKHUHFRQVWUXFWLRQRIDVSHFLILFW\SH
RIIUDFWXUHIRXUIUDJPHQWIUDFWXUHRIWKHSUR[LPDOKXPHUXV
0$7(5,$/6$1'0(7+2'6
7RDOORZF\FOLFWHVWLQJFRPSRVLWHERQHVPXVWEHXVHG:HXVHGDYHUVLRQZLWKDFORVHFHOO
ORZGHQVLW\SRO\XUHWKDQHIRDPVLPXODWLQJWKHVSRQJ\ERQHSFI6DZERQHV7KH
KXPHULXQGHUZHQWDVLPXODWHGIUDFWXUH)LJDQGVXUJLFDOUHFRQVWUXFWLRQ
BBBBBBBBBBBBBBBBBBBBBBB
*()8QGLFHVLPD*LRUQDWDGL6WXGLR(WWRUH)XQDLROLOXJOLR%RORJQD
)LJXUH3URFHGXUHWRVLPXODWHWKHIUDFWXUH
DQGERQHGHIHFW
)LJXUHLQYLWURVHWXSVKRZLQJWKHEHDULQJV
WRDYRLGXQGHVLUDEOHORDGFRPSRQHQWV
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x 1 cement-and-screws KXPHULZHUHUHSDLUHGZLWKDVWDQGDUGIL[DWLRQSODWHFRUWLFDO
DQGWUDEHFXODUVFUHZV3KLORV'H3X\6\QWKHVDQGZLWKLQMHFWLRQRIDQDFU\OLFEDVHG
FDOFLXPDGGLWLYDWHGERQHFHPHQW&DO&HPH[7HFUHV,WDO\
x )RUFRPSDULVRQ1 screws-only KXPHULZHUHSUHSDUHGZLWKVWDQGDUGIL[DWLRQSODWH
FRUWLFDODQGWUDEHFXODUVFUHZV
$PHFKDQLFDOWHVWZDVSHUIRUPHGRQWKHUHFRQVWUXFWHGKXPHUL)LJ$QD[LDOIRUFHZDV
F\FOLFDOO\DSSOLHGWKHSUHORDGZDV1WKHDPSOLWXGHVWDUWHGDW1DQGLQFUHDVHGE\
DWHDFKF\FOH)DLOXUHZDVGHILQHGDVIUDJPHQWPRWLRQH[FHHGLQJPP
5(68/76
$V H[SHFWHG WKH GLVSODFHPHQW LQFUHDVHG PRQRWRQLFDOO\ DV WKH DPSOLWXGH RI WKH F\FOH
LQFUHDVHG)LJ,QPRVWRIWKHcement-and-screws VSHFLPHQVIDLOXUHRFFXUUHGDVDVLQJOH
FDWDVWURSKLF HYHQW DVVRFLDWHG ZLWK WKH KLJKHVW IRUFH SHDN &RQYHUVHO\ WKH screws-only 
VSHFLPHQVKDGDSURJUHVVLYHIDLOXUHZKLFKLQLWLDWHGDWDIRUFHWKDWZDVVLJQLILFDQWO\ORZHU
WKDQWKHILQDOSHDN2YHUDOOWKHcement-and-screws VSHFLPHQVZHUHVLJQLILFDQWO\VWURQJHU
WKDQWKHscrews-only WZRWDLOHGXQSDLUHGWWHVWSEXWVOLJKWO\PRUHVFDWWHUHG
&21&/86,216
7KLV VWXG\ KDV VKRZQ WKH IHDVLELOLW\ RI VLPXODWLQJ DQ in vitro IDLOXUH RI UHFRQVWUXFWHG
KXPHUXV7KHLQQRYDWLYHUHSDLUWHFKQLTXHEDVHGRQDORZHUQXPEHURIVFUHZVDQGFHPHQW
LQMHFWLRQVHHPVYHU\SURPLVLQJ7RSURYLGHDPRUHUHOLDEOHSUHFOLQLFDOLQGLFDWLRQVLPLODU
WHVWVZLOOEHFDUULHGRXWRQFDGDYHULFERQHVSHFLPHQV
$&.12:/('*(0(176
7KLVVWXG\ZDVIXQGHGE\7HFUHV6S$,WDO\
5()(5(1&(6
>@ &ULVWRIROLQL /  ³&KDSWHU  $QDWRPLFDO UHIHUHQFH IUDPHV IRU ORQJ ERQHV´
+DQGERRNRI$QWKURSRPHWU\3K\VLFDO0HDVXUHVRI+XPDQ)RUPLQ+HDOWKDQG'LVHDVH
6SULQJHU
>@ :HVWHUKRII3³,QYLYRPHDVXUHPHQWRIVKRXOGHUMRLQWORDGVGXULQJDFWLYLWLHVRI
GDLO\OLYLQJ´-RXUQDORI%LRPHFKDQLFV±(OVHYLHU
)LJXUH/HIWW\SLFDOSORWIRU&HPHQWDQGVFUHZVDQG6FUHZVRQO\VKRZLQJGLIIHUHQW
WUHQGV5LJKWGLIIHUHQWIDLOXUHORDGVZHUHIRXQGIRUWKHWZRUHFRQVWUXFWLRQV. 
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$57,&8/$502'(/6725(3/,&$7(7+(-2,17
)81&7,21$/,7<2)$3$7,(17
1LFROD6DQFLVL0LFKHOH&RQFRQL$OHVVDQGUR)RUWXQDWR(ULFD/LYHUDQL
9LQFHQ]R3DUHQWL&DVWHOOL
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.H\ZRUGVArticular models, selective laser melting, patient-specific, knee prostheses
(;7(1'('$%675$&7
7KHPDLQREMHFWLYHRIDUWLFXODUSURVWKHVHVLV WRUHFRYHUWKHMRLQWPRELOLW\DQGVWDELOLW\
DIWHUVXEVWLWXWLRQRIWKHSDWLHQWDUWLFXODUVXUIDFHV7KXVSURVWKHWLFVXUIDFHVPXVWIXOILOGLI
IHUHQW WDVNV UHVWRULQJ WKH QDWXUDO MRLQW EHKDYLRXU FRPSHQVDWLQJ WKH IXQFWLRQ RI DUWLFXODU 
VWUXFWXUHVUHPRYHGGXULQJWKHLPSODQWUHVSHFWLQJWKHUHVLGXDOVWUXFWXUHV,QJHQHUDOSURV
WKHWLF FRPSRQHQWV KDYH GHIDXOW VKDSH DQG SRVLWLRQ WKDW RIWHQ GR QRW DOORZ IXOILOPHQW RI
WKHVH WDVNV 7KH VFRSH  RI WKLV VWXG\ LV WR SURSRVH DQ DSSURDFK  IRU WKH SURVWKHVLV GHVLJQ
EDVHGRQ WKHFRPELQDWLRQRIPHGLFDO LPDJHVSHUVRQDOL]HGDUWLFXODUPRGHOVDQG'SULQW
LQJWRREWDLQPRUSKRORJLFDODQGNLQHPDWLFDOLQIRUPDWLRQRIDSDWLHQWIRUWKHGHYHORSPHQW
RISHUVRQDOL]HGSURVWKHVHV
7KHSURFHGXUHZDVWHVWHGRQDFDGDYHULFNQHH)LJ$VWHUHRSKRWRJUDPPHWULFV\VWHP
ZDVXVHG WRGLJLWDOL]HDUWLFXODUVXUIDFHVDQG OLJDPHQW LQVHUWLRQVDQG WR UHFRUG WKHIHPXU
WLELD UHODWLYHPRWLRQ7KLV LQIRUPDWLRQZDV XVHG WR GHILQH D SHUVRQDOL]HG NLQHPDWLF MRLQW
PRGHOWKDWLQFOXGHVFRQWDFWVDQGOLJDPHQWV>@7KHPRGHOZDVXVHGWRGHVLJQSHUVRQDOL]HG
SURVWKHWLFFRPSRQHQWV>@WKHILQDOVXUIDFHVJXLGHWKHVXEMHFWQDWXUDOPRWLRQHQVXULQJDU
WLFXODUFRQWDFW DQG OLJDPHQW LVRPHWU\3URVWKHWLFFRPSRQHQWVZHUHEXLOW LQFREDOWFKURPH
DOOR\ WKURXJK ' SULQWLQJZLWK VHOHFWLYHODVHUPHOWLQJ WHFKQRORJ\ 6,60$0<6,17
3LRYHQH 5RFFKHWWH,7 >@ 0DWFKLQJ EHWZHHQ GHVLJQHG DQG SULQWHG VXUIDFHV ZDV GHWHU
PLQHG E\ D VWHUHRSKRWRJUDPPHWULF V\VWHP 7KH SURVWKHVLV FDSDELOLW\ WR UHSURGXFH WKH
RULJLQDOVXEMHFWPRWLRQZDVGHWHUPLQHGE\LPSODQWLQJWKHFRPSRQHQWVRQDVLPXODWRUFRQ
VWLWXWHGE\D')'0SULQWHGUHSOLFDRIWKHRULJLQDONQHHLQFOXGLQJOLJDPHQWV7KHVLPXOD
WRUZDVWKHQSDVVLYHO\IOH[HGDQGWKHPRWLRQZDVFRPSDUHGZLWKWKDWRIWKHRULJLQDOMRLQW
7KHXVHG'SULQWLQJWHFKQRORJ\SURYHGWREHDSSURSULDWHIRUWKHDSSOLFDWLRQWKHEXLOW
VXUIDFHV UHSURGXFH WKHGHVLJQHGRQHVZLWK D JRRG DFFXUDF\)URPDNLQHPDWLFDO SRLQW RI 
YLHZ VLPXODWRU UHVXOWV VKRZHG WKDW WKHGHYHORSHGVXUIDFHVDQG WKHLU DFFXUDWHSRVLWLRQLQJ
DOORZUHSOLFDWLRQRIWKHVXEMHFWQDWXUDOPRWLRQ)LJ0RUHRYHUWKHDUWLFXODUPRWLRQUH
VSHFWV WKH MRLQW FRQVWUDLQWV VWUHWFKLQJ RU OD[LWLHV RI OLJDPHQWVZHUH QRW REVHUYHG DQG DU
WLFXODUFRQWDFWZDVPDLQWDLQHGEHWZHHQVXUIDFHVRYHUWKHIXOOIOH[LRQDUF
BBBBBBBBBBBBBBBBBBBBBBB
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)LJXUH1DWXUDOUHGYVSURVWKHVLVEODFNPRWLRQFRPSRQHQWVRYHUWKHIXOOIOH[LRQDUF
5()(5(1&(6
>@ 6DQFLVL 1 =DQQROL ' 3DUHQWL&DVWHOOL 9 %HOYHGHUH & DQG /HDUGLQL $  ³A one-degree-of-
freedom spherical mechanism for human knee joint modelling´ 3URFHHGLQJV RI WKH ,QVWLWXWLRQ RI
0HFKDQLFDO(QJLQHHUV3DUW+-RXUQDORI(QJLQHHULQJLQ0HGLFLQH
>@ 3DUHQWL&DVWHOOL9&DWDQL)6DQFLVL1DQG/HDUGLQL$³Improved orthopaedic device´3&7
3DWHQW:2
>@ /LYHUDQL ( )RUWXQDWR $ /HDUGLQL $ %HOYHGHUH & 6LHJOHU 6 &HVFKLQL / DQG $VFDUL $ 
³Fabrication of Co–Cr–Mo endoprosthetic ankle devices by means of Selective Laser Melting (SLM)´
0DWHULDOVDQG'HVLJQ
)LJXUH3URFHGXUHIRUWKHGHYHORSPHQWRIWKHSDWLHQWVSHFLILFSURVWKHVLVEDVHGRQDUWLFXODUPRGHOV
7KH FRPELQHG XVH RIPHDVXUHPHQWV RQ WKH SDWLHQW DQG SHUVRQDOL]HG DUWLFXODUPRGHOV
SURYHGSURPLVLQJWRGHYHORSSURVWKHWLFFRPSRQHQWVDEOHWRUHSURGXFHWKHQDWXUDOMRLQWPR
WLRQRIWKHSDWLHQWUHVSHFWLQJWKHDQDWRPLFDOVWUXFWXUHV7KHPRGHOLQGHHGSURYHGWREHD
XVHIXO WRROERWKWRLGHQWLI\WKHMRLQWFRQVWUDLQWVWREHFRQVLGHUHGLQWKHGHVLJQDQGWRGH
WHUPLQH WKHHIIHFWRQ WKHDUWLFXODUPRWLRQRI WKHFRQVWUDLQWVDGGHGE\ WKHSURVWKHVLV WKXV
DOORZLQJRSWLPL]DWLRQRI WKH SURVWKHVLV VKDSH DQGSRVLWLRQ7KH DSSURDFK LV EDVHGRQ DU
WLFXODUPRGHOVSUHYLRXVO\SUHVHQWHGDQGYDOLGDWHG>@EXWLWFDQEHJHQHUDOL]HGZLWKGLIIHU
HQWDUWLFXODUPRGHOV7KLVDSSURDFKLVSDUWLFXODUO\HIILFLHQWLIWKHSURVWKHWLFFRPSRQHQWJH
RPHWU\VKDSHDQGSRVLWLRQ LVFRPSOHWHO\SHUVRQDOL]HGRQ WKHSDWLHQW)URPWKLVSRLQWRI
YLHZWKH'SULQWLQJWHFKQRORJ\ZLWKFREDOWFKURPHDOOR\XVHGKHUHQRWRQO\SURYHGXVH
IXOIRUWKLVVWXG\EXWDOVRUHYHDOHGJUHDWSRWHQWLDOLWLHVIRUIXWXUHLQGXVWULDODSSOLFDWLRQV
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.H\ZRUGVSandwich constructions; Core material; Tetrahedral lattice; Mechanical properties; Optimization. 
(;7(1'('$%675$&7
0DQ\HQJLQHHULQJDSSOLFDWLRQVEHQHILWIURPFRPSDFWOLJKWZHLJKWVWUXFWXUHVWKDWVXSSRUW
ORDGVLQDQHIILFLHQWDQGFRVWHIIHFWLYHZD\5HFHQWSURJUHVVLQWKHGHVLJQDQGIDEULFDWLRQRI
VDQGZLFKVWUXFWXUHVZLWKRSHQFHOOWUXVVFRUHVUHSUHVHQWDYDOXDEOHDOWHUQDWLYHWRKRQH\FRPE
FRUHGHVLJQV>@,QDWUXVVFRUHVDQGZLFKWKHIDFHVRIWKHSDQHODUHFRQQHFWHGE\DVLQJOH
RU PXOWLOD\HUHG ODWWLFH RI VWUDLJKW EHDPV DUUDQJHG DV D SHULRGLF UHSHWLWLRQ RI XQLW FHOOV
WHWUDKHGUDOS\UDPLGDORURWKHU UHJXODU'VKDSHV7KH UHODWLYHGHQVLW\FDQEHYHU\ ORZ
ZKLOH UHWDLQLQJ VLJQLILFDQW VWUHQJWK DQG VWLIIQHVV EHFDXVH WKH HOHPHQWDO EHDPV ZRUN LQ
WHQVLRQFRPSUHVVLRQ 7KHVH QHZ HQJLQHHUHG PDWHULDOV KDYH PHFKDQLFDO SURSHUWLHV WKDW
FRPSDUH IDYRXUDEO\ WR KRQH\FRPE FRUHV DQG WKDQNV WR WKH LQQHU RSHQ VSDFH WKH\ DGG
PXOWLIXQFWLRQDO SRVVLELOLWLHV WR WKH V\VWHP HJ FURVV IORZ KHDW H[FKDQJH IOXLG VWRUDJH
ZLULQJDQGSLSLQJSDVVDJHVHWF2SHQFHOOWUXVVFRUHVKDYHFROODWHUDODGYDQWDJHVLQWHUPV
RIFRUURVLRQUHVLVWDQFHGDPDJHWROHUDQFHDQGDUHPRUHHDVLO\IRUPHGLQWRFRPSOH[FXUYHG
VKDSHVWKDQFRQYHQWLRQDOKRQH\FRPEV.DJRPHWUXVVFRUHJHRPHWULHVDUHDOVRLGHDOO\VXLWHG
IRULQWHUQDODFWXDWLRQWKXVFRQWULEXWLQJWRWKHPDQXIDFWXUHRIDGDSWLYHRUPRUSKLQJLQWHJUDO
VWUXFWXUHV7KHYLEURDFXVWLFSHUIRUPDQFHRIIODWRUFXUYHGSDQHOVZLWKWUXVVOLNHFRUHVKDV
DWWUDFWHGWKHDWWHQWLRQRIUHVHDUFKHUVVLQFHORQJEHFDXVHRIWKHSRVVLELOLW\WRWDLORUWKHPDWHULDO
WRVSHFLILFGHVLJQQHHGV
7UDGLWLRQDO DSSURDFKHV WR IDEULFDWLQJ WUXVV FRUH VDQGZLFK VWUXFWXUHV IURP HQJLQHHULQJ
PHWDOVLQFOXGHLQYHVWPHQWFDVWLQJHOHFWURGLVFKDUJHRUODVHUDEODWLRQSHUIRUDWHGPHWDOVKHHW
IRUPLQJZLUHRUWXEHOD\XSDQGZHDYLQJWHFKQLTXHV$OOEXWWKHODERXULQWHQVLYHFDVWLQJ
DQGDEODWLQJWHFKQRORJLHVUHTXLUHDVVHPEO\DQGERQGLQJVWHSVWRFUHDWHWKHFHOOXODUVWUXFWXUH
DQGIRUODWHUDWWDFKLQJLWWRIDFHVKHHWV7KHERQGLQJVSRWVZKHUHWKHSDUWVDUHMRLQHGWRJHWKHU
DUHZHDNHU WKDQ WKHEDVHPDWHULDODQGXQGHUPLQH WKHPHFKDQLFDOHIILFLHQF\RI WKHJOREDO
FRQVWUXFWLRQ7KLV LV HVSHFLDOO\ WUXHZKHQ WKH VWUXWV RI WKH FRUH DUHPDGH IURPDGYDQFHG
FRPSRVLWHPDWHULDOVZKLFKFDQH[SORLWRQO\DIUDFWLRQRIWKHLUVWUHQJWKGXHWRWKHZHDNQHVV
RI WKH QRGHV 2QJRLQJ LPSURYHPHQWV LQ KLJKYROXPH PDQXIDFWXULQJ SURFHVVHV DQG WKH
UHPDUNDEOHGHYHORSPHQWDGGLWLYH WHFKQRORJLHV >@DOORZ ODUJHVFDOHPRQROLWKLF WUXVVFRUH
VWUXFWXUHV WR EH EXLOW IURP KLJKSHUIRUPDQFH PHWDOV ZLWKRXW WKH QXLVDQFHV RI DVVHPEOHG
BBBBBBBBBBBBBBBBBBBBBBB
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FRQVWUXFWLRQV 7KHVH QHZ WHFKQLTXHV FDQ DOVR PDQDJH WKH IDEULFDWLRQ RI WUXVV FRUH
DUFKLWHFWXUHVZLWKKROORZVWUXWVLQWKHLQWHUHVWRIUHGXFHGZHLJKW
6WDUWLQJIURPWKHJHRPHWU\RIWKHXQLWFHOOWKHPHFKDQLFDODQDO\VLVRIWKHHQWLUHODWWLFH
WUXVV LV UDWKHU VWUDLJKWIRUZDUG DQG FDQEH UHVROYHG LQWRPDFURVFRSLF VWUHQJWKV DQG HODVWLF
PRGXOLRIDQHTXLYDOHQWKRPRJHQHRXVFRUHPDWHULDO*HQHUDOO\VSHDNLQJSHULRGLFWUXVVFRUHV
DUHVWUHWFKGRPLQDWHGDQGWKHLUPHFKDQLFDOSURSHUWLHVVFDOHOLQHDUO\ZLWKWKHUHODWLYHGHQVLW\
DQGZLWKWKHFRUUHVSRQGLQJSURSHUWLHVRIWKHSDUHQWPHWDO0DQ\FHOOWRSRORJLHVKDYHEHHQ
H[DPLQHGLQWKHWHFKQLFDOOLWHUDWXUHDQGFORVHGIRUPHTXDWLRQVKDYHEHHQGLVFORVHGIRUWKH
PHFKDQLFDOSURSHUWLHVRIPDQ\WUXVVFRUHJHRPHWULHV'HVSLWHWKHZHDOWKRIWKHRUHWLFDOUHVXOWV
DYDLODEOH YHU\ OLWWOH KDV EHHQ SXEOLVKHG VR IDU RQ WKH V\QWKHVLV RI WKH RSWLPDO WUXVV FRUH
JHRPHWU\WKDWPHHWVWKHGHVLJQUHTXLUHPHQWV$OOWKHSDSHUVDYDLODEOHVXIIHUIURPVRPHRU
DOORIWKHIROORZLQJUHVWULFWLRQVDWKHPDWHULDOLVWKHVDPHIRUIDFHVDQGFRUHERQO\VWUHQJWK
FRQVWUDLQWVDUHFRQVLGHUHGZLWKQRFRQFHUQIRUVWLIIQHVVUHTXLUHPHQWVF WKHRSWLPL]DWLRQ
DOJRULWKPVQHHGFXVWRPQXPHULFDOLPSOHPHQWDWLRQ
7KH SUHVHQW SDSHU DLPV DW RYHUFRPLQJ WKHVH OLPLWDWLRQV IRU WKH VLQJOHOD\HUHG ORZ
GHQVLW\ WHWUDKHGUDO WUXVV FRUH DUFKLWHFWXUHZLWK HLWKHU VROLG RU KROORZ URXQG VWUXWV$IWHU
UHFRJQL]LQJWKDWWKHGHVLJQRIWKHHQWLUHVDQGZLFKFDQEHGHFRXSOHGLQIDFHGHVLJQDQGFRUH
GHVLJQWKHRSWLPL]DWLRQSURFHVVFRQFHQWUDWHVRQWKHZHLJKWPLQLPL]DWLRQRIWKHFRUH7KH
WHWUDKHGUDOFHOO LVGHILQHGE\ IRXUJHRPHWULFSDUDPHWHUV LQQHUDQGRXWHUGLDPHWHUVRI WKH
FURVVVHFWLRQRIWKHEHDPVWKHOHQJWKRIWKHEHDPVDQGWKHLUVORSHZLWKUHVSHFWWRWKHIDFHV
RI WKH VDQGZLFKSDQHO8VLQJ WKH HVWDEOLVKHG HTXDWLRQVRI WKH WHFKQLFDO OLWHUDWXUH >@ WKH
RSWLPDOSUREOHPLVIRUPDOO\GHILQHGDVWKHVHDUFKIRUWKHOLJKWHVWFRUHWRSRORJ\VDWLVI\LQJDOO
WKHGHVLJQFRQVWUDLQWVRQFRUH WKLFNQHVV DOORZDEOHQRUPDODQGVKHDU VWUHQJWKVPLQLPXP
<RXQJ
VDQGVKHDUPRGXOL,WLVIRXQGWKDWDOWKRXJKVTXDWWHWUDKHGURQVORZVORSHDQJOHV
DUHWREHDYRLGHGQRVLQJOHFRQILJXUDWLRQH[LVWVZKLFKFDQRSWLPL]HWKHFRUHSHUIRUPDQFH
IURPDOOWKHPHFKDQLFDOSRLQWVRIYLHZ7KHOLJKWHVWGHVLJQGHILQHGE\GLDPHWHUWROHQJWK
UDWLR DQG VORSH DQJOH RI WKH EHDPV VWULFWO\ GHSHQGV RQ WKH SUREOHP FRQVWUDLQWV 
RULHQWDWLRQVDUHPRVW OLNHO\ WRRFFXUEXW WKH\DUHE\QRPHDQV WKHDEVROXWHRSWLPXP$
FORVHGIRUPDOJRULWKPLVSUHVHQWHGZKLFKOHDGVLQDILQLWHQXPEHURIVWHSVWRWKHRSWLPDO
WUXVV FRQILJXUDWLRQ IRU HDFK SDUWLFXODU FDVH 7KH HQJLQHHULQJ YDOXH RI WKH RSWLPL]LQJ
DOJRULWKP LV KLJKOLJKWHG E\ PHDQV RI D QXPHULFDO H[DPSOH VKRZLQJ WKDW RSWLPL]HG
DOXPLQLXP WHWUDKHGUDOFRUHVSHUIRUPEHWWHU WKDQKLJKSURILOHSRO\PHU IRDPVDQGFRPSHWH
IDYRXUDEO\ZLWKDOXPLQLXPKRQH\FRPEVRIHTXDOGHQVLW\:LWKVWUDLJKWIRUZDUGDGDSWDWLRQV
WKHDSSURDFKDSSOLHGKHUHWRWKHWHWUDKHGUDOJHRPHWU\FDQEHH[WHQGHGWRRWKHUSHULRGLFWUXVV
FRUHJHRPHWULHVHJS\UDPLGDORUWRFODVVLFDODUFKLWHFWXUHVHJFRUUXJDWHGFRUHV
5()(5(1&(6
>@:DGOH\+1*³Multifunctional periodic cellular metals´3KLO7UDQV56RF$±
>@ *LEVRQ,5RVHQ':DQG6WXFNHU%Additive manufacturing technologies6SULQJHU
>@'UDJRQL(³Optimal mechanical design of tetrahedral truss cores for sandwich constructions´-
6DQGZLFK6WUXFWXUHVDQG0DWHULDOV±
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.H\ZRUGVtravi curve, paradosso, diminuzione tensioni flessionali diminuendo l’area. 
6200$5,2(67(62
(¶QRWRFKHqDYROWHSRVVLELOHGLPLQXLUHOHWHQVLRQLLQXQFRPSRQHQWHULPXRYHQGRPDWHULDOH
GRYHOHJROHVFKHUPRFRVWLWXLVFRQRO¶HVHPSLRSLFRPXQH1HOFDPSRGHOOHWUDYLUHWWLOLQHH
VLFRQRVFRQRVROWDQWRDOFXQHVLWXD]LRQLQHOOHTXDOLULPXRYHQGRPDWHULDOHGDOOH]RQHGHOOD
VH]LRQH WUDVYHUVDOH SL ORQWDQH GDOO¶DVVH QHXWUR VL RWWLHQH XQD ULGX]LRQH GHOOH WHQVLRQL
IOHVVLRQDOL,QWUDYLGLULWWHQRQVLULHVFHLQYHFHDGRWWHQHUHXQDGLPLQX]LRQHGHOOHWHQVLRQL
IOHVVLRQDOLULPXRYHQGRPDWHULDOHGDOOH]RQHGHOODVH]LRQHYLFLQHDOO¶DVVHQHXWUR/D)LJXUD
PRVWUD WUH HVHPSLGRFXPHQWDWL GL WDOH FRPSRUWDPHQWRSDUDGRVVDOH/H)LJXUH D F H
UDSSUHVHQWDQROHVH]LRQHLQL]LDOLPHQWUHOH)LJXUHEGIGHVFULYRQRODULPR]LRQHGHO
PDWHULDOHTXDQWLILFDWDGDOODSURIRQGLWjGLULPR]LRQHt

 
)LJXUD3DUDGRVVLLQWUDYHGLULWWD)LJXUD3DUDGRVVLLQWUDYHFXUYD
BBBBBBBBBBBBBBBBBBBBBBB
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)LJXUD'LPLQX]LRQHWHQVLRQHIOHVVLRQDOHDFFRSSLDWDDGLPLQX]LRQHDUHD


6LDEEDQGRQDQHOVHJXLWRODWUDYHUHWWLOLQHDSHUFRQVLGHUDUHXQDWUDYHFXUYD6LSUHVHQWDQR
LQ)LJXUDDOFXQLHVHPSLQHLTXDOLVLFRQVHJXHXQDGLPLQX]LRQHGHOODWHQVLRQHIOHVVLRQDOH
WRJOLHQGRPDWHULDOHGDOOH]RQHGHOODVH]LRQHYLFLQHDOO¶DVVHQHXWUR/HVH]LRQLLQL]LDOLVRQR
TXHOOHGHOOH)LJXUHDFHPHQWUHOH)LJXUHEGIGHVFULYRQRODULPR]LRQHODWHUDOH
GLPDWHULDOH7DOHFRPSRUWDPHQWRSDUDGRVVDOHQRQVHPEUDHVVHUHVWDWRQRWDWRLQSUHFHGHQ]D
/D)LJXUDTXDQWLILFDODGLPLQX]LRQHGHOODWHQVLRQHIOHVVLRQDOHPDVVLPDQRUPDOL]]DWD
ULVSHWWRDTXHOODSUHVHQWH LQXQ URPERQRQPRGLILFDWR DOO¶DXPHQWDUHGHOOR VSHVVRUHGHOOD
]RQDDVSRUWDWDt,OUDSSRUWRWUDUDJJLRHVWHUQRHGLQWHUQRGHOODWUDYHFXUYDq1HOJUDILFR
YLHQH ULSRUWDWD OD WHQVLRQH IOHVVLRQDOHPDVVLPDDQDOLWLFDHGDJOL(OHPHQWL)LQLWL , ULVXOWDWL
DQDOLWLFLHGDJOL(OHPHQWL)LQLWLULVXOWDQRDEEDVWDQ]DGLVFRUGDQWLPDHQWUDPELWHVWLPRQLDQR
ODSRVVLELOLWjGLULGXUUHOHWHQVLRQLLQXQDWUDYHFXUYDULPXRYHQGRODWHUDOPHQWHPDWHULDOH
/¶HVHPSLRULSRUWDWRLQ)LJXUDFRQVHJXHGLPLQX]LRQLPROWRSLFFROHGLVH]LRQHOHTXDOL
QRQ VRQR SUDWLFDPHQWH VLJQLILFDWLYH 7XWWDYLD q SRVVLELOH SUHVHQWDUH HVHPSL  QHL TXDOL OD
GLPLQX]LRQHGLDUHDqLPSRUWDQWH6LSHQVLDGXQDVH]LRQHTXDGUDWDGDOODTXDOHVLULPXRYH
XQD VWULVFLD RUL]]RQWDOH FHQWUDOH VLPPHWULFD ULVSHWWR DO EDULFHQWUR /D VH]LRQH ULVXOWD FRVu
IRUPDWD GD GXH SDUWL GLVJLXQWH 3HU rR rL VH VL LPSRQH OD FRQGL]LRQH FKH OD WHQVLRQH
DOO¶LQWUDGRVVRQRQYDULODPDVVLPDGLPLQX]LRQHGHOO¶DUHDqGHOSHUFHQWRVHFRQGRODWHRULD
GHOODWUDYHFXUYD4XHVWDVH]LRQHQRQSRVVLHGHXQDSUDWLFDXWLOLWjPDFRPXQTXHPRVWUDFKH
VLSRVVRQRRWWHQHUHGLPLQX]LRQLDSSUH]]DELOLQHOODSUDWLFDLQJHJQHULVWLFD

%,%/,2*5$),$
>@1DYLHU&/0+³De la résistance des corps solides.3 ed. avec des notes et des appendices par
M. Barre de Saint–Venant´'XQRG3DULV
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/H VDOGDWXUH WUDVYHUVDOL XQLWDPHQWH D TXHOOH ORQJLWXGLQDOL VRQR GLIHWWL JHQHUDWL GXUDQWL LO
SURFHVVRGLHVWUXVLRQHFRQWLQXDGLPDWHULDOLPHWDOOLFL6HGDXQDSDUWHHQWUDPELLGLIHWWLVRQR
LQHOLPLQDELOL FRQVHJXHQ]H GHO SURFHVVR GLYHUVDPHQWH GDOOH VDOGDWXUH ORQJLWXGLQDOL TXHOOH
WUDVYHUVDOL VRQR FDUDWWHUL]]DWHGDSURSULHWjPHFFDQLFKH LQIHULRUL ULVSHWWR DOPDWHULDOH EDVH
>@ ,QIDWWL DO WHUPLQH GL FLDVFXQD FRUVD OD SDUWH WHUPLQDOH GHOPDWHULDOH GHOOD YHFFKLD
ELOOHWWDFRQWHQXWDDOO¶LQWHUQRGHOODPDWULFHFRPLQFLDDGLQWHUDJLUHFRQODVXSHUILFLHIURQWDOH
GHOODQXRYDELOOHWWDQRUPDOPHQWHFRQWDPLQDWDGDRVVLGL OXEULILFDQWHHLPSXULWjJHQHUDQGR
XQD]RQDGLWUDQVL]LRQHGLXQDFHUWDOXQJKH]]DFKHGHYHHVVHUHVFDUWDWD0HQWUHO¶LQGDJLQH
VSHULPHQWDOHGHOOHVDOGDWXUHWUDVYHUVDOLULVXOWDHVVHUHXQ¶DWWLYLWjOXQJDHFRPSOHVVDO¶LPSLHJR
GL PRGHOOL QXPHULFL H DQDOLWLFL SHUPHWWH XQD VLJQLILFDWLYD ULGX]LRQH GHOOH WHPSLVWLFKH
SUHGLWWLYH >@ $G RJJL GXH IRUPXOH VRQR VWDWH SURSRVWH LQ OHWWHUDWXUD SHU O¶DQDOLVL
GHOO¶HVWHQVLRQHGHOOHVDOGDWXUHWUDVYHUVDOL/DSULPDIRUPXOD]LRQHVXJJHULVFHGLFRPSXWDUH
O¶HVWHQVLRQHGHOODVDOGDWXUDFRPHUDSSRUWRGHOYROXPHGHOOHDOLPHQWD]LRQLHGHOOHFDPHUHGL
VDOGDWXUDVXOO¶DUHDGHOODVH]LRQHWUDVYHUVDOHGHOSURILORPROWLSOLFDWRSHULOQXPHURGLOXFLQHOOD
PDWULFH>@8QDVHFRQGDIRUPXOD]LRQHSUHYHGHXQDPRGLILFDGHOODSUHFHGHQWHLQWURGXFHQGR
XQIDWWRUHPROWLSOLFDWLYRFKHWLHQHFRQWRVLDGHOODSUHVHQ]DGL]RQHPRUWHQHOODPDWULFH
VLD GHOO¶HIIHWWR GHOO¶DWWULWR FKH UHQGH LO IOXVVR GHO PDWHULDOH DOO¶LQWHUQR GHOOD PDWULFH QRQ
XQLIRUPH>@
,QFRQVLGHUD]LRQHGLTXHVWDOLPLWDWDOHWWHUDWXUDDQDOLWLFDHLQFRQVLGHUD]LRQHGHOIDWWRFKH
L FRGLFL)(0QRQ UDSSUHVHQWDQR DQFRUDXQR VWDQGDUG LQGXVWULDOH OD GHWHUPLQD]LRQHGHOOD
OXQJKH]]DGLSURILORGDVFDUWDUHSHUFRQWDPLQD]LRQHGDVDOGDWXUHWUDVYHUVDOLDYYLHQHDQFRUD
VXOOD EDVH GHOO¶HVSHULHQ]D GL DQDORJLH H GL UHJROH SUDWLFKH7UD TXHVWH q FRPXQH SUDWLFD 
VFDUWDUHGDDPWGLSURILORLQIXQ]LRQHGHOORVSHFLILFRUDSSRUWRGLHVWUXVLRQH,QTXHVWR
FRQWHVWRVFRSRGHO ODYRURqFRQIURQWDUHLULVXOWDWLGHOOHLQGDJLQLVSHULPHQWDOLHQXPHULFKH
FRQGRWWH GDJOL DXWRUL VX DOFXQL SURILOL FRQ OH IRUPXOD]LRQL DQDOLWLFKH DG RJJL SUHVHQWL LQ
OHWWHUDWXUDFRQO¶RELHWWLYRGLYHULILFDUQHO¶DSSOLFDELOLWjDOLYHOORLQGXVWULDOH'LVHJXLWRYLHQH
ULSRUWDWRFRPHHVHPSLRXQRGHLFDVLLQGXVWULDOLSUHVLLQFRQVLGHUD]LRQH
BBBBBBBBBBBBBBBBBBBBBBB
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,OFDVRDQDOL]]DWRqXQSURILORHVWUXVRSURGRWWRPHGLDQWHXQDPDWULFHDOXFL)LJD>@
/HVDOGDWXUHWUDVYHUVDOLJHQHUDWHQHOOHOXFLVRQRVWDWHDQDOL]]DWHVSHULPHQWDOPHQWHPHGLDQWH
VH]LRQDPHQWRHDWWDFFRFKLPLFRHQXPHULFDPHQWHSHUOHGXHOXFLVLPPHWULFKH3HUXQRGHL
SURILOLO¶HVWHQVLRQHGHOODVDOGDWXUDqVWDWDLQROWUHFDOFRODWDDQDOLWLFDPHQWHLQDFFRUGRFRQOH
IRUPXOD]LRQLSUHVHQWLLQOHWWHUDWXUD,Q)LJEO¶HVWHQVLRQHqULSRUWDWDFRPHSHUFHQWXDOHGL
VRVWLWX]LRQHGHOPDWHULDOHGHOODYHFFKLDELOOHWWDFRQODQXRYDLQIXQ]LRQHGHOOR³VWRSPDUN´
VHJQRVXOSURILORFKHGHILQLVFHLOIHUPRSUHVVDSHUFDULFDPHQWRGLXQDQXRYDELOOHWWD
&RPHVLSXzYHGHUHLQ)LJEVHGDXQDSDUWHVLqRWWHQXWRXQRWWLPRDFFRUGRQXPHULFR
)(0VSHULPHQWDOHSHUODOXFHDQDOL]]DWDVROWDQWRODIRUPXOD]LRQHDQDOLWLFDFRUUHWWDFRQLO
IDWWRUH  UHVWLWXLVFH XQD VWLPD FRPXQTXH PHGLD DSSURVVLPDWD GHOO¶HYROX]LRQH /D
IRUPXOD]LRQHQRQFRUUHWWDHODUHJRODHPSLULFDEDVDWDVXOUDSSRUWRGLHVWUXVLRQHVRWWRVWLPDQR
HVRYUDVWLPDQRLQYHFHULVSHWWLYDPHQWHLOGDWRVSHULPHQWDOH
&21&/86,21,
,OFDVRSUHVHQWDWRXQLWDPHQWHDJOLDOWULLQYHVWLJDWLPRVWUDFRPHVWUXPHQWLQXPHULFLVLDQR
LQJUDGRGLSUHGLUHFRQXQDEXRQDDFFXUDWH]]DODOXQJKH]]DGLSURILORHVWUXVRFRQWDPLQDWD
FKH GHYH HVVHUH VFDUWDWD /H IRUPXOD]LRQL DQDOLWLFKH HG HPSLULFKH DG RJJL SUHVHQWL LQ
OHWWHUDWXUD DO FRQWUDULR R VRYUDVWLPDQR R VRWWRVWLPDQR VLJQLILFDWLYDPHQWH O¶HVWHQVLRQH
RSSXUHIRUQLVFRQRVRORVWLPHPHGLHGHOO¶HYROX]LRQHVXJJHUHQGRODQHFHVVLWjGLXQDQXRYD
IRUPXOD]LRQHEDVDWDVXSDUDPHWULGLFRPSOHVVLWjJHRPHWULFDGHOODPDWULFH
%,%/,2*5$),$
>@ 'RQDWL/7RPHVDQL/0LQDN*  Characterization of seam weld quality in AA6082 extruded
profiles-RXUQDORI0DWHULDO3URFHVVLQJ7HFKQRORJ\±
>@ $NHUHW5³Extrusion welds—quality aspects are now centre stage”. 3URFWK(7,,±
>@ 5HJJLDQL%'RQDWL/7RPHVDQL/“Prediction of charge welds in hollow profiles extrusion by FEM
simulations and experimental validation”,QW-$GY0DQ7HFKQSS
>@ 6DKD3.Aluminum extrusion technology$60,QWHUQDWLRQDO0DWHULDOV3DUN2KLR±
>@-RZHWW&$GDPV-'DXJKHWHH&/HD*+XII2$)RVVO1“Scrap Allocation”3URFWK(7
,,±
)LJXUDDSURJHWWRGHOODPDWULFHHGHOSURILORDQDOL]]DWLEFRQIURQWRVSHULPHQWDOH
QXPHULFRDQDOLWLFR>@
D E
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(;7(1'('$%675$&7
&DEOH'ULYHQ3DUDOOHO5RERWV&'35VHPSOR\FDEOHVLQSODFHRIULJLGERG\H[WHQVLEOHOHJV
LQRUGHUWRFRQWUROWKHHQGHIIHFWRUSRVH$&'35LVfully constrained LIWKHHQGHIIHFWRUSRVH
FDQ EH FRPSOHWHO\ GHWHUPLQHG ZKHQ DFWXDWRUV DUH ORFNHG DQG WKXV DOO FDEOH OHQJWK DUH
DVVLJQHG &RQYHUVHO\ D &'35 LV underconstrained LI WKH HQGHIIHFWRU SUHVHUYHV VRPH 
IUHHGRPVRQFHDFWXDWRUVDUHORFNHG7KLVRFFXUVHLWKHUZKHQWKHHQGHIIHFWRULVFRQWUROOHGE\
DQXPEHURIFDEOHVVPDOOHUWKDQWKHQXPEHURIGHJUHHVRIIUHHGRP'R)WKDWLWSRVVHVVHV
ZLWKUHVSHFWWRWKHEDVHRUZKHQVRPHFDEOHVEHFRPHVODFNLQDIXOO\FRQVWUDLQHGURERW>@
,QDGGLWLRQ LI WKHQXPEHURIDFWXDWRUV LV OHVV WKDQ WKHQXPEHURIJHQHUDOL]HGFRRUGLQDWHV
QHHGHG WR FRPSOHWHO\ GHVFULEH WKH PDQLSXODWRU WKH URERW LV underactuated DQG WKXV
LQKHUHQWO\ XQGHUFRQVWUDLQHG DV ZHOO :KLOH D ULFK OLWHUDWXUH H[LVWV IRU IXOO\FRQVWUDLQHG
&'35VOLWWOHUHVHDUFKKDVEHHQFRQGXFWHGRQXQGHUFRQVWUDLQHGRQHV>@
$ PDMRU FKDOOHQJH LQ WKH DQDO\VLV RI WKHVH V\VWHPV LV WKH WUDMHFWRU\ SODQQLQJ RI WKH
SODWIRUPIRUSRLQWWRSRLQWPRWLRQV,QWKHFDVHRIIXOORUUHGXQGDQWDFWXDWLRQWKHV\VWHPFDQ
EHVKRZQWREH´IODW´>@DQGWKHWUDMHFWRU\SODQQLQJSUREOHPLVFRPSOHWHO\DOJHEUDLF:KHQ
WKHSODWIRUP LVERWKXQGHUFRQVWUDLQHGDQG WKH V\VWHPXQGHUDFWXDWHG WKH IODWQHVVSURSHUW\
GRHVQRWQHFHVVDULO\KROGDQGGLIIHUHQW WHFKQLTXHVPXVWEHHPSOR\HG7KLV IDFW OHDGV IRU
H[DPSOH WR WKH LPSRVVLELOLW\RIEULQJLQJ WKHSODWIRUPWRUHVWRQFH WKH WUDQVLWLRQIURPWKH
VWDUWLQJSRLQWWRWKHHQGLQJSRLQWLVFRPSOHWHG
,Q >@ D VHULDO SODQDU FDEOHGULYHQ PHFKDQLVP ZDV SURSRVHG ZKRVH PHFKDQLFDO
DUFKLWHFWXUHLVVXFKWKDWWKHG\QDPLFHTXDWLRQVFDQEHGHFRXSOHGDQGWKHEXUGHQRIWUDMHFWRU\
SODQQLQJLVUHGXFHG$SODQDU'R)&'35VXVSHQGHGE\FDEOHVZDVSURSRVHGLQ>@DQG
WKHDXWKRUVZHUHDEOHWRJHQHUDWHSRLQWWRSRLQWPRWLRQVIRUWKHSODWIRUPHYHQRXWVLGHWKH
VWDWLFZRUNVSDFHH[SORLWLQJKDUPRQLFPRWLRQODZVIRUWKHFDEOHOHQJWKVKRZHYHUWKH\ZHUH
QRW DEOH WR LPSRVH FRQVWUDLQWV RQ WKH SDWK WR IROORZRU RQ WKH WUDQVLWLRQ WLPH$Q LQSXW
VKDSLQJILOWHULQJWHFKQLTXHZDVWKHQSURSRVHGLQ>@IRUDSODQDU&'35*HQHULFWUDMHFWRULHV
BBBBBBBBBBBBBBBBBBBBBBB
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ZHUH SURSRVHG IRU ZKLFK WKH SODWIRUP RVFLOODWLRQV ZHUH VLJQLILFDQWO\ UHGXFHG EXW QRW
HOLPLQDWHGHYHQLQDVLPXODWLRQHQYLURQPHQWPDLQO\EHFDXVHRIWKHDSSUR[LPDWLRQRIWKH
URERWQDWXUDOIUHTXHQF\XVHGLQWKHLQSXWVKDSHU,QDGGLWLRQWKHQDWXUHRIWKHLQSXWVKDSLQJ
ILOWHUGRHVQRWDOORZSUHFLVHWUDFNLQJRIJHRPHWULFDOSDWKVLQSRLQWWRSRLQWPRWLRQVVLQFH
WKHQRPLQDOSDWKLVPRGLILHGE\WKHILOWHU
,Q WKLV ZRUN DQ XQGHUDFWXDWHG DQG XQGHUFRQVWUDLQHG FDEOHV SODQDU &'35 ZKRVH
PHFKDQLFDOPRGHOLVLGHQWLFDOWRWKHRQHGHVFULEHGLQ>@DQG>@LVSURSRVHG2XUREMHFWLYH
LVWRGHYHORSDWUDMHFWRU\SODQQLQJPHWKRGVXLWDEOHIRUDVWDWLRQDU\VHWSRLQWWUDQVLWLRQZKHQ
WKH WUDQVLWLRQ SDWK LV DVVLJQHG $ VWDWLRQDU\ VHWSRLQW WUDQVLWLRQ UHIHUV WR D SRLQWWRSRLQW
PRWLRQRIWKHSODWIRUPWKDWLVSHUIRUPHGLQDILQLWHSUHFRPSXWHGWLPHEHWZHHQWZRVWDWLF
HTXLOLEULXPSRVHV)LUVWWKHG\QDPLFPRGHOLVGHYHORSHG7KHQDUREXVWWUDMHFWRU\SODQQLQJ
PHWKRG LVSURSRVHGZKLFK LV EDVHGRQ WKH VROXWLRQRIDBoundary Value Problem %93
DULVLQJIURPWKHG\QDPLFVRIWKHSODWIRUP,QRUGHUIRUWKH%93WREHVROYDEOHDVSHFLILF
SDUDPHWUL]DWLRQRI WKHJHRPHWULFSDWKKDV WREHHPSOR\HG LQZKLFKVRPHSDUDPHWHUVDUH
IL[HGE\WKHSDWKDQGRWKHUVDUHIUHH7KHVROXWLRQRIWKH%93VXEMHFWWRWKHIUHHSDUDPHWHUV
DOORZVIRUWKHGHWHUPLQDWLRQRIWKHSDUDPHWHUVYDOXHDQGWKHWLPHHYROXWLRQRIWKHV\VWHP
7KH WHFKQLTXHZDV WHVWHGZLWKD0DWODEFRGHDQG WKHQYDOLGDWHGZLWK WKHFRPPHUFLDO
VRIWZDUH$GDPV,QWKHHQGWKHSURSRVHGWUDMHFWRU\ZDVWHVWHGRQDSURWRW\SH,QRUGHUWR
SURYHWKHHIIHFWLYHQHVVRIWKHPHWKRGDQRSHQORRSFRQWUROVFKHPHZDVHPSOR\HGVRWKDW
RQO\WKHFRPSXWHGOHQJWKVRIWKHFDEOHVDUHIHGWRWKHDFWXDWRUV7KHH[SHULPHQWDWLRQVKRZHG
D UHPDUNDEOH UHGXFWLRQ RI RVFLOODWLRQV LQ HDFK VWDWLRQDU\ SRLQW HYHQ ZLWKRXW D IHHGEDFN
FRQWUROORRSRQWKHSODWIRUPSRVH
%,%/,2*5$),$
>@ &DUULFDWR00HUOHW-36WDELOLW\DQDO\VLVRIXQGHUFRQVWUDLQHGFDEOHGULYHQSDUDOOHO
URERWVIEEE Transactions on Robotics
>@ +H\GHQ7:RHUQOH&'\QDPLFVDQGIODWQHVVEDVHGFRQWURORIDNLQHPDWLFDOO\XQGHWHUPLQHG
FDEOHVXVSHQVLRQPDQLSXODWRUMultibody System Dynamics
>@ )OLHVV0/YLQH-0DUWLQ35RXFKRQ3)ODWQHVVDQGGHIHFWRIQRQOLQHDUV\VWHPV
LQWURGXFWRU\WKHRU\DQGH[DPSOHVInternational journal of control
>@ =DQRWWR'5RVDWL*$JUDZDO6.0D\0RGHOLQJDQGFRQWURORID'2)SHQGXOXPOLNH
PDQLSXODWRU ,Q5RERWLFVDQG$XWRPDWLRQ,&5$,(((,QWHUQDWLRQDO&RQIHUHQFHRQSS
,(((
>@ =RVR1*RVVHOLQ& 0D\3RLQWWRSRLQWPRWLRQSODQQLQJRI DSDUDOOHOGRIXQGHUDFWXDWHG
FDEOHVXVSHQGHGURERW,QRobotics and Automation (ICRA), 2012 IEEE InternationalConference on SS
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Cable-driven parallel robots &'35V PRYH WKH HQGHIIHFWRU E\ IOH[LEOH FDEOHV WKDW DUH
FRLOHGDQGXQFRLOHGRQFDEOHZLQFKHV7KLVVWUHQJWKHQVWKHFODVVLFDODGYDQWDJHVRISDUDOOHO
URERWV YHUVXV VHULDO RQHV VXFK DV KLJK G\QDPLF SHUIRUPDQFHV D ODUJH SD\ORDGWRURERW
ZHLJKW UDWLR DQG UHGXFHG PDVVHV DQG LQHUWLDV &'35V DOVR SURYLGH VSHFLILF DGYDQWDJHV
VXFKDVSRWHQWLDOO\YHU\ODUJHZRUNVSDFHVDQGUHGXFHGFRVWV
&DEOH DFWXDWLRQ KRZHYHU DOVR LQWURGXFHV D IXQGDPHQWDO GUDZEDFN LW FDQRQO\ZRUN
XQGHU WHQVLOH IRUFHV DV FDEOHV FDQ SXOO EXW FDQQRW SXVK 7KH FRQGLWLRQ ߬௜ ൒ Ͳ ZLWK  ߬௜EHLQJWKHWHQVLRQLQWKH݅WKFDEOHGHILQHVWKHStatic Equilibrium Workspace6(:RIWKH
URERWWKDWLVWKHVHWRIHQGHIIHFWRUSRVHVZKHUHWKHURERWFDQVDIHO\EHEURXJKWWRUHVW>@
5HFHQWO\ DXWKRUV KDYH EHJXQ WR VWXG\ WKH SRVVLELOLW\ RI H[SDQGLQJ WKH ZRUNVSDFH E\
SURSHUO\XVLQJ LQHUWLD IRUFHV >@ WKLVRSHQVQHZSRWHQWLDO DSSOLFDWLRQV IRU&'35VDV WKH
URERWVFDQPRYHEH\RQGWKHLU6(:ZLWKQRQ]HURYHORFLW\RUDFFHOHUDWLRQ
2QH SRVVLELOLW\ LV WR GHILQH G\QDPLF PRWLRQV WKDW JXDUDQWHH SRVLWLYH FDEOH WHQVLRQV
WKXVPHUJLQJWHQVLRQDQDO\VLVZLWKWUDMHFWRU\SODQQLQJ7KLVDSSURDFKZDVILUVWRXWOLQHGLQ
>@ ZKHUH WKH DXWKRUV GHILQH SHULRGLF WUDMHFWRULHV DORQJ FLUFOHV RU OLQH VHJPHQWV ZKRVH
IHDVLELOLW\ FDQ EH FKHFNHG a priori ZLWKRXW VROYLQJ WKH LQYHUVH G\QDPLF SUREOHP
5HIHUHQFH>@VKRZVWKDWVXFKWUDMHFWRULHVDUHIHDVLEOHLIWKHIUHTXHQF\߱ZLWKZKLFKWKH\
DUHIROORZHGIDOOVZLWKLQDJLYHQUDQJHIXUWKHUPRUHDVSHFLDOIUHTXHQF\߱௡LVIRXQGZKLFKDOZD\VIDOOVZLWKLQVDLGUDQJHWKLV߱௡LVDNLQWRWKHQDWXUDOIUHTXHQF\RIDSHQGXOXP,Q ODWHUZRUNV WKLV JHQHUDO LGHDZDV H[WHQGHG WR '2) URERWV HLWKHU VSDWLDO >@ RU
SODQDU>@ODWHUWKHDXWKRUVFRQVLGHUHGSRLQWWRSRLQWPRWLRQV>@
,Q WKLV ZRUN ZH FRQVLGHU G\QDPLF SHULRGLF VSDWLDO WUDMHFWRULHV DSSOLHG WR D VSDWLDO
Cable-Suspended Parallel Robot&635WKLVLVDW\SHRI&'35ZKHUHWKHHQGHIIHFWRULV
DOZD\VEHORZWKHFDEOHH[LWSRLQWVDQGJUDYLW\FRQWULEXWHVWRNHHSLQJFDEOHVLQWHQVLRQE\
SXOOLQJ WKH HQGHIIHFWRU GRZQZDUGV ,Q SDUWLFXODU ZH FRQVLGHU D SRLQWPDVV URERW ZLWK
WKUHHFDEOHV
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:H JHQHUDOL]H DQG H[SDQG WKH UHVXOWV RI 5HIV >  @ E\ GHILQLQJ WKH UDQJHሾ߱௠௜௡ ǡ ߱௠௔௫ሿ RI DGPLVVLEOH IUHTXHQFLHV WKDW JXDUDQWHH IHDVLELOLW\ WRJHWKHUZLWK D VSHFLDOIUHTXHQF\߱௡ WKDW DOORZV DUELWUDULO\ ODUJH SHULRGLF PRWLRQV WR EH UHDOL]HG IRU WKH PRVWJHQHUDOURERWDUFKLWHFWXUHDQGDJHQHUDOWULGLPHQVLRQDOVLQXVRLGDOPRWLRQ
1H[WZHDQDO\]HWUDQVLWLRQPRWLRQVWKDWDOORZRQHWR
x EULQJWKHURERWWRDG\QDPLFWUDMHFWRU\IURPDVWDWHRIUHVW
x VORZGRZQWKHURERWWRDVWDWHRIUHVWVWDUWLQJIURPDG\QDPLFFRQGLWLRQ
x FRQQHFWWZRHOOLSWLFDOWUDMHFWRULHVZLWKWKHVDPHVKDSHFHQWHUDQGRULHQWDWLRQEXW
GLIIHUHQWVL]HV
)LQDOO\ ZH FRPSDUH RXU WKHRUHWLFDO ILQGLQJV REWDLQHG XQGHU WKH DVVXPSWLRQ RI
SHUIHFWO\ VWLII DQG PDVVOHVV FDEOHV ZLWK VLPXODWLRQV WKDW LQFOXGH FDEOH HODVWLFLW\ LQ WKH
PRGHOLQRUGHUWRWHVWWKHUREXVWQHVVRIWKHREWDLQHGUHVXOWV
7KH SURSRVHG PHWKRG RQO\ UHTXLUHV DOJHEUDLF FRQGLWLRQV WR EH YHULILHG DQG VHHPV
FRPSDWLEOHZLWKUHDOWLPHDSSOLFDWLRQVIRUH[DPSOHWRUHFRYHUWKHURERWDIWHUDFDEOHIDLOXUH
>@
7KHFRQWHQWRIWKLVFRQWULEXWLRQZLOOEHSUHVHQWHGZLWKPRUHGHWDLOVLQ>@
5()(5(1&(6
>@ 5LHFKHO$7(EHUW8SKRII,³)RUFHIHDVLEOHZRUNVSDFHDQDO\VLVIRUXQGHUFRQVWUDLQHG
SRLQWPDVVFDEOHURERWV´,Q3URF,(((,QW&RQI5RERW$XWRPSS±
>@ %DUUHWWH * *RVVHOLQ &  ³'HWHUPLQDWLRQ RI WKH G\QDPLF ZRUNVSDFH RI FDEOHGULYHQ
SODQDUSDUDOOHOPHFKDQLVPV´ASME J. Mech. Des.SS
>@ *RVVHOLQ & 5HQ 3 )RXFDXOW 6  ³'\QDPLF WUDMHFWRU\ SODQQLQJ RI D WZRGRI FDEOH
VXVSHQGHGSDUDOOHOURERW´,Q3URF,(((,QW&RQI5RERW$XWRPSS±
>@ *RVVHOLQ&³*OREDOSODQQLQJRIG\QDPLFDOO\ IHDVLEOH WUDMHFWRULHV IRU WKUHHGRI VSDWLDO
FDEOHVXVSHQGHG SDUDOOHO URERWV´ ,Q 3URF VW ,QW &RQI &DEOH'ULYHQ 3DUDOOHO 5RERWV SS
±
>@ -LDQJ;*RVVHOLQ&  ³'\QDPLFDOO\ IHDVLEOH WUDMHFWRULHV IRU WKUHH'2)SODQDU FDEOH
VXVSHQGHGSDUDOOHOURERWV´,Q3URF$60(,'(7&
>@ *RVVHOLQ&DQG)RXFDXOW6³'\QDPLFSRLQWWRSRLQWWUDMHFWRU\SODQQLQJRIDWZR'2)
FDEOHVXVSHQGHGSDUDOOHOURERW´,QIEEE Trans. RobotSS
>@ -LDQJ ; DQG *RVVHOLQ &  ³'\QDPLF 3RLQWWR3RLQW 7UDMHFWRU\ 3ODQQLQJ RI D 7KUHH
'2)&DEOH6XVSHQGHG3DUDOOHO5RERW´,QIEEE Trans. RobotSS
>@ =KDQJ1DQG6KDQJ:³'\QDPLF WUDMHFWRU\SODQQLQJRID'2)XQGHUFRQVWUDLQHG
FDEOHGULYHQSDUDOOHOURERW,QMech. Mach. TheorySS
>@ =KDQJ 1 6KDQJ : DQG &RQJ 6  ³*HRPHWU\%DVHG 7UDMHFWRU\ 3ODQQLQJ RI D 
&DEOH6XVSHQGHG3DUDOOHO5RERW´,QIEEE Trans. Robot.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
>@ %HUWL $ *RXWWHIDUGH0 DQG &DUULFDWR0  ³'\QDPLF UHFRYHU\ RI FDEOHVXVSHQGHG
SDUDOOHOURERWVDIWHUDFDEOHIDLOXUH´,Q3URF$5.SS
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'LVWULEXWHG VROXWLRQV IRU5HDO7LPH V\VWHPDUFKLWHFWXUH DUHPRUH DQGPRUHXVHGEHFDXVH
WKH\LPSURYHWKHGHSHQGDELOLW\FRPSHQVDELOLW\VFDODELOLW\DQGH[WHQVLELOLW\RIWKHSURGXFWV
>@ 7KH FRPSXWDWLRQDO FOXVWHU RI WKHVH V\VWHPV FRQVLVWV RI D VHW RI GLIIHUHQW QRGHV
LQWHUFRQQHFWHGE\5HDO7LPHFRPPXQLFDWLRQ V\VWHP ,QGXVWULDO(WKHUQHWZKLFK LVD ILHOG
EXV WHFKQRORJ\ LV FRPPRQO\ XVHG IRU WKH FRPPXQLFDWLRQ RI GDWD DPRQJ QRGHV RI
GLVWULEXWHG 5HDO7LPH V\VWHPV IRU LWV VHFXULW\ DQG UHOLDELOLW\ ,W LV DFNQRZOHGJHG WKDW
LQWHJUDWLRQDPRQJ LQGXVWULDO SURJUDPPDEOHFRQWUROOHUVRIGLIIHUHQWSURGXFHUVFDQEHYHU\
XVHIXO LQ RUGHU WR H[WHQG WKH SRVVLEOH DUFKLWHFWXUHV RI GLVWULEXWHG V\VWHPV ,Q VRPH 
DSSOLFDWLRQVFRPPXQLFDWLRQDPRQJGLIIHUHQW3/&VRU,3&VLVDOUHDG\XVHG>@EXWRQO\IRU
WKHH[FKDQJHRILQIRUPDWLRQDQGQRWIRUWKHPRWLRQFRQWURORIPRWRUV7KLVLVGXHWRWKHIDFW
WKDWGLIIHUHQWYHQGRUVXVHGLIIHUHQWPHWKRGVIRUWKHFRQWURORIWKHG\QDPLFVRIPRWRUVDQG
WR WKH IDFW WKDW PRWLRQ FRQWURO LV D KDUG 5HDO7LPH WDVN ZKLFK UHTXLUHV D KLJK OHYHO RI
DFFXUDF\DQGUHOLDELOLW\
7KLVZRUNLVIRFXVHGRQWKHVWXG\GHVLJQDQGUHDOL]DWLRQRIDJHQHUDO5HDO7LPHLQWHUIDFH
EHWZHHQGLIIHUHQWSURJUDPPDEOHFRQWUROOHUV IRU WKHPRWLRQFRQWURORIPRWRUV WKURXJK WKH
XVH RI ,QGXVWULDO (WKHUQHW FRPPXQLFDWLRQ DQG WKH ,((( 97LPH 6\QFKURQL]DWLRQ
SURWRFRO7KHKDUGZDUHDUFKLWHFWXUH WKHXVHGFRPPXQLFDWLRQQHWZRUN DQG WKH DOJRULWKPV 
UHDOL]HG DUH D JOREDO VROXWLRQ IRU WKH PRWLRQ FRQWURO EHWZHHQ LQGXVWULDO SURJUDPPDEOH
FRQWUROOHUV RI GLIIHUHQW YHQGRUV )RU WKLV UHDVRQ LW LV SRVVLEOH WR XVH WKLV VROXWLRQ IRU DOO
W\SHVRIGLVWULEXWHG5HDO7LPHV\VWHPVWKDWFDQLQFOXGHERWK3/&DQGL3&GHYLFHV
'LIIHUHQWYHQGRUVXVHGLIIHUHQWPHWKRGVIRUWKHPRWLRQRID[HV6RPHRIWKHPFDQGLUHFWO\
PRYHDQD[LVSRLQWE\SRLQWZLWKWKHGHILQLWLRQRILWVSRVLWLRQYHORFLW\DQGDFFHOHUDWLRQDW
BBBBBBBBBBBBBBBBBBBBBBB
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HDFK 0RWLRQ 7DVN 2WKHU YHQGRUV FDQQRW FRQWURO D PRWRU SRLQW E\ SRLQW EXW WKH\ XVH
PRWLRQ LQVWUXFWLRQV LQ RUGHU WR LPSRVH WKH GHVLUHG WUDMHFWRU\ 7KLV FDVH LV WKH PRVW
LQWHUHVWLQJ EHFDXVH LW LV QHFHVVDU\ WR LPSRVH WKH GHVLUHG WUDMHFWRU\ XVLQJ D SUHGHILQHG
PRWLRQ SURILOH ,Q RUGHU WR GHYHORS D JOREDO PHWKRG IRU WKH V\QFKURQL]DWLRQ RI PRWLRQ
EHWZHHQWZRGLIIHUHQWFRQWUROOHUVWKH0RWLRQ,QVWUXFWLRQXVHGWRPRYHWKHD[HVRIWKH6ODYH
0RWLRQ&38LVD-RJ7KHMRJLQVWUXFWLRQDOORZVWRFDUU\RXWDWUDSH]RLGDOYHORFLW\SURILOH
ZLWK WKH GHILQLWLRQ RI WKH YHORFLW\ WKDW WKH D[LV KDV WR DFKLHYH DQG WKH DFFHOHUDWLRQZLWK
ZKLFKLWKDVWRUHDFKWKHGHVLUHYHORFLW\
7KH PDLQ LGHD IRU WKH V\QFKURQL]DWLRQ RI WKH WZR V\VWHPV LV WR GHWHUPLQH WKH WLPH
GLIIHUHQFH EHWZHHQ WKH WLPH LQVWDQW LQ ZKLFK WKH 0DVWHU 0RWLRQ &38 LPSRVHV WKH
&RPPDQG YDOXHV WR LWV D[HV DQG WKH WLPH LQVWDQW LQ ZKLFK WKH 6ODYH0RWLRQ &38 ZLOO
LPSRVH WKH &RPPDQG YDOXHV WR LWV D[HV 7KHQ ZLWK WKH FRPSXWDWLRQ RI WKLV GHOD\ DQG
WKDQNV WR WKH NLQHPDWLF GDWD RI WKH0DVWHU &38 LW LV SRVVLEOH WR H[WUDSRODWH WKH )XWXUH
&RPPDQG 3RVLWLRQ )XWXUH &RPPDQG 9HORFLW\ )XWXUH &RPPDQG $FFHOHUDWLRQ WKDW WKH
0DVWHUD[HVZLOODFKLHYHDIWHUDWLPH7
,Q RUGHU WR V\QFKURQL]H WKH 6ODYH0RWLRQ &38ZLWK WKH0DVWHU0RWLRQ &38 WKH 6ODYH
0RWLRQKDVWRLPSRVHDWUDMHFWRU\RQLWVD[HVFRQJUXHQWWRWKHLUDFWXDONLQHPDWLFYDOXHVWR
DFKLHYHDW WKHVDPH WLPH LQVWDQW WKHVDPHSRVLWLRQVDQGYHORFLWLHVDV WKH0DVWHU0RWLRQ
&38UHDFKHV
7ZRDOJRULWKPVWKH'LVFUHWHDSSUR[LPDWLRQDQGWKH/LQHDUDSSUR[LPDWLRQZHUHUHDOL]HGLQ
RUGHU WR FRPSXWH WKH LQSXW YHORFLW\ DQG WKH LQSXW DFFHOHUDWLRQ QHFHVVDU\ WR WKH MRJ
LQVWUXFWLRQWRV\QFKURQL]HWKHD[HV7KH\KDYHEHHQWHVWHGZLWKGLIIHUHQWPRWLRQSURILOHDW
GLIIHUHQWYHORFLWLHVLQRUGHUWRHYDOXDWHDQGRSWLPL]HWKHP
7KH UHVXOWV VKRZ WKDW WKH WZR6\QFKURQL]DWLRQDOJRULWKPKDYHJRRGSHUIRUPDQFHVZLWKD
V\QFKURQL]DWLRQHUURUWZRRUWKUHHWLPHORZHUWKDQWKHW\SLFDOSRVLWLRQHUURURIDPRWRU7KH
WHVWV DOVR VKRZ WKDW WKHSHUIRUPDQFHVRI WKH DOJRULWKP LQFUHDVHZLWK WKH UHGXFWLRQRI WKH
PRWLRQWDVNWLPHRIWKHV\VWHP
%,%/,2*5$),$
>@ .RSHW]+“Real time systems,Design Principles for Distributed Embedded Application”.OXZHU
$FFDGHPLF3XEEOLFDWLRQ
>@ /L+=KDQJ)=KDQJ-=KDQJ1:DQJ/<DQJ;“Research and Realization of a Spinning
Machine Control and Monitoring System by Industrial Ethernet Communication between IPC and
OMRON PLC”. 3URFHHGLQJV RI WKH ,((( ,QWHUQDWLRQDO &RQIHUHQFH RQ ,QIRUPDWLRQ DQG $XWRPDWLRQ
1LQJER&KLQD
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6200$5,2(67(62
/¶LPSLHJR HVWHVR GL URERW LQGXVWULDOL QHL SURFHVVL GL PDQLIDWWXUD SHUPHWWH GL RWWHQHUH OD
VXSHULRUHTXDOLWjHSURGXWWLYLWjULFKLHVWDGDLPHUFDWLLSDUDGLJPLGHOO¶,QGXVWULDSUHYHGRQR
LQROWUH XQ QRWHYROH XOWHULRUH LQFUHPHQWR GHO QXPHUR GL URERW FKH SXUWURSSR ULVFKLD GL
FRPSURPHWWHUH OD VRVWHQLELOLWj GHOOH IDEEULFKH GHO IXWXUR LQ WHUPLQL VLD ILQDQ]LDUL FKH
DPELHQWDOL,QIDWWLLVLVWHPLGLSURGX]LRQHPHFFDWURQLFLHURERWL]]DWLVRQRLQWULQVHFDPHQWH
HQHUJLYRUL H LPSDWWDQR SHVDQWHPHQWH VXOOD SRWHQ]D LQVWDOODWD HG L FRQVXPL HQHUJHWLFL 
D]LHQGDOL$OORVWDWRGHOO¶DUWHVLqODYRUDWRVRSUDWWXWWRSHUPLJOLRUDUHO¶HIILFLHQ]DGHLVLQJROL
URERWPDqPDQFDWRXQUHDOHDSSURFFLRGLVLVWHPDQHFHVVDULRSHURWWLPL]]DUHLOFRQVXPR
HQHUJHWLFR WRWDOH GL FHOOH HG LPSLDQWL URERWL]]DWL 5HFHQWHPHQWH VRQR VWDWL LQWURGRWWL VXO
PHUFDWRWRROGLVLPXOD]LRQHSURSULHWDULFDSDFLGLSUHGLUHLOFRQVXPRHQHUJHWLFRGHLVLQJROL
URERW>@PDQRQGHOO¶DSSOLFD]LRQHLHURERWXWHQVLOLPDFFKLQDULHWFHSHUWDQWRULVXOWDQR
VRORSDU]LDOPHQWHXWLOLSHUGLPHQVLRQDUHHPSLULFDPHQWHODFDELQDHOHWWULFD
,O SURJHWWR HXURSHR )3 $5(86 ± $XWRPDWLRQ DQG 5RERWLFV IRU (8URSHDQ 6XVWDLQDEOH
PDQXIDFWXULQJ>@FRRUGLQDWRGD81,025(KDFRPHRELHWWLYRODULGX]LRQHGHLFRQVXPL
HQHUJHWLFLHGHO/LIH&\FOH&RVW/&&GLLPSLDQWLURERWL]]DWLPHGLDQWHTXDWWURLQQRYD]LRQL
PRGXODULHVFDODELOL8QDQXRYDDUFKLWHWWXUDLQGXVWULDOHGLVPDUWJULGDFRUUHQWHFRQWLQXD'&
SHUPHWWHODULJHQHUD]LRQHHGLOUHFXSHURHQHUJHWLFRWUDGLYHUVLURERWHPDFFKLQDULPHQWUHXQ
VHWGL WRROGLVLPXOD]LRQHHFRQWUROOREDVDWLVXOFRQFHWWRGL(QHUJ\6LJQDWXUH>@DELOLWDQR
O¶RWWLPL]]D]LRQH GHL FRQVXPL HQHUJHWLFL GHOO¶LQWHUR LPSLDQWR PDQWHQHQGR OD VWHVVD
SURGXWWLYLWjHTXDOLWjGLODYRUD]LRQHVIUXWWDQGRLOFRRUGLQDPHQWRHGLOUHFXSHURGLHQHUJLD
BBBBBBBBBBBBBBBBBBBBBBB
*()8QGLFHVLPD*LRUQDWDGL6WXGLR(WWRUH)XQDLROLOXJOLR%RORJQD
105
,QILQHXQLQQRYDWLYRDSSURFFLRDO/LIH&\FOH$VVHVPHQW/&$KDSHUPHVVRGLVYLOXSSDUH
WRROVVSHFLILFLSHULPSLDQWLURERWL]]DWLLGHDOLSHUFDOFRODUHFRQVXSHULRUHSUHFLVLRQHO¶LPSDWWR
DPELHQWDOHHILQDQ]LDULRGLRJQLVROX]LRQHGLSURGX]LRQHURERWL]]DWD
,QTXHVWDSUHVHQWD]LRQHVLPRVWUHUDQQRLSULQFLSDOLDYDQ]DPHQWLULVSHWWRDOORVWDWRGHOO¶DUWH
LQWURGRWWLGDOSURJHWWR$5(86HLQSDUWLFRODUHLULVXOWDWLGLULFHUFDHVYLOXSSRRWWHQXWLQHL
VHJXHQWL:RUN3DFNDJHV:3FRUUHODWLDOOHVXGGHWWHLQQRYD]LRQLHVFKHPDWL]]DWLLQ)LJ
x:31XRYH DUFKLWHWWXUH KDUGZDUH HJ >@ SHU OD ULGX]LRQH GHO FRQVXPR HQHUJHWLFR
EDVDWH VX XQ LQQRYDWLYR VLVWHPD GL GLVWULEX]LRQH GHOO¶HQHUJLD HOHWWULFD FRQ PLJOLRUL
SRVVLELOLWjGLGLVWULEXLUHUHFXSHUDUHHGLPPDJD]]LQDUHHQHUJLDDOLYHOORGLIDEEULFD
x:38QLQQRYDWLYRDPELHQWHLQWHJUDWRGLVLPXOD]LRQHHGHVLJQHJ>@VSHFLILFDPHQWH
FRQFHSLWRSHULOSURJHWWRHODSURJUDPPD]LRQHHFRHIILFLHQWHGLJUDQGLLPSLDQWLURERWL]]DWL
x:31XRYLPHWRGLGLRWWLPL]]D]LRQHLQWHUDPHQWHFRQQHVVLDLtoolsGLVLPXOD]LRQHGLFXL
DOSXQWRVSHFLILFDPHQWHFRQFHSLWLSHUODGHWHUPLQD]LRQHGLschedulingGHOO¶RSHUD]LRQL
HVSOLFLWDPHQWHPLUDWL DOOD ULGX]LRQHGHLFRQVXPLHQHUJHWLFL VLD LQ WHUPLQLJOREDOL FKH LQ
WHUPLQLGLSRWHQ]HPDVVLPHDVVRUELWHLVWDQWDQHDPHQWH>@
x:31XRYLPHWRGLGL/&$FRQFHSLWLSHUSUHGLUHRWWLPL]]DUHVLDO¶LPSDWWRHFRQRPLFRFKH
DPELHQWDOHGHOODIDEEULFDDXWRPDWL]]DWD>@
%,%/,2*5$),$
>@ KWWSVZZZUHDOLVWLFURERWVLPXODWLRQRUJ
>@ 0 3HOOLFFLDUL HW DO  ³$5(86  ,QQRYDWLYH KDUGZDUH DQG VRIWZDUH IRU VXVWDLQDEOH LQGXVWULDO
URERWLFV´,(((&$6(,QW&RQIRQ$XWRPDWLRQ6FLHQFHDQG(QJLQHHULQJSS±
>@ 03HOOLFFLDUL*%HUVHOOL)/HDOL$9HUJQDQR³$PHWKRGIRUUHGXFLQJWKHHQHUJ\FRQVXPSWLRQ
RISLFNDQGSODFHLQGXVWULDOURERWV´0HFKDWURQLFV
>@ '0HLNH$6HQIHOGVDQG/5LELFNLV³3RZHUFRQYHUWHUIRUGFEXVVKDULQJWRLQFUHDVHWKHHQHUJ\
HIILFLHQF\LQGULYHV\VWHPV,QGXVWULDO(OHFWURQLFV6RFLHW\,(((,(&21WK$QQXDO&RQIHUHQFH
±
>@ '0HLNH03HOOLFFLDUL*%HUVHOOL³(QHUJ\HIILFLHQWXVHRIPXOWLURERWSURGXFWLRQ OLQHV LQ WKH
DXWRPRWLYH LQGXVWU\'HWDLOHG V\VWHPPRGHOLQJ DQG RSWLPL]DWLRQ´ ,(((7UDQVDFWLRQV RQ$XWRPDWLRQ
6FLHQFHDQG(QJLQHHULQJ
>@ 0*DGDOHWD*%HUVHOOL03HOOLFFLDUL  ³(QHUJ\RSWLPDO OD\RXW GHVLJQ RI URERWLFZRUN FHOOV
3RWHQWLDODVVHVVPHQWRQDQLQGXVWULDOFDVHVWXG\´5RERWLFVDQG&RPSXWHU,QWHJUDWHG0DQXIDFWXULQJ

>@ 2:LJVWURP%/HQQDUWVRQ$9HUJQDQRDQG&%UHLWKROW]+LJKOHYHOVFKHGXOLQJRIHQHUJ\RSWLPDO
WUDMHFWRULHV,(((7UDQVDFWLRQVRQ$XWRPDWLRQ6FLHQFHDQG(QJLQHHULQJ±
>@ %/HQQDUWVRQHWDO³6HTXHQFHSODQQLQJIRULQWHJUDWHGSURGXFWSURFHVVDQGDXWRPDWLRQGHVLJQ
$XWRPDWLRQ6FLHQFHDQG(QJLQHHULQJ,(((7UDQVDFWLRQVRQ±
>@ 1 %H\ +DXVFKLOG 0= 0F$ORRQH 7&  ³'ULYHUV DQG EDUULHUV IRU LPSOHPHQWDWLRQ RI
HQYLURQPHQWDOVWUDWHJLHVLQPDQXIDFWXULQJFRPSDQLHV&,53$QQ0DQXI7HFKQRO±
)LJXUD/HSULQFLSDOLLQQRYD]LRQLGHOSURJHWWR$5(86
106
INDICE DEGLI AUTORI 
 
 
Andrisano Angelo Oreste .................................................................................................. 105 
Battarra Mattia ..................................................................................................................... 81 
Bellelli Alberto .................................................................................................................... 39 
Berselli Giovanni ............................................................................................................... 105 
Bertazzini Anna ................................................................................................................... 81 
Berti Alessandro .................................................................................................................. 99 
Bertocchi Enrico .................................................................................................................. 95 
Bodey Andrew J. ................................................................................................................. 87 
Botti Marcello ...................................................................................................................... 95 
Bruckmann Tobias ............................................................................................................... 99 
Carricato Marco ........................................................................................................... 99, 101 
Castagnetti Davide ............................................................................................................... 61 
Catania Giuseppe ................................................................................................................... 3 
Cattabriga Stefano ............................................................................................................... 77 
Cavalaglio Camargo Molano Jacopo ................................................................................. 103 
Cocconcelli Marco ....................................................................................................... 61, 103 
Conconi Michele .................................................................................................................. 91 
Cristofolini Luca ...................................................................................................... 35, 87, 89 
D’Elia Giacomo ................................................................................................................... 83 
Dall’Ara Enrico ................................................................................................................... 87 
Dalpiaz Giorgio ............................................................................................................. 81, 83 
Damien Lacroix ................................................................................................................... 87 
De Felice Alessandro ........................................................................................................... 79 
Donati Lorenzo .................................................................................................................... 97 
Dragoni Eugenio .................................................................................................................. 93 
Faldini Cesare ...................................................................................................................... 35 
Fortunato Alessandro ........................................................................................................... 91 
Gadaleta Michele ............................................................................................................... 105 
Giorgi Mario ........................................................................................................................ 87 
Golinelli Nicola ................................................................................................................... 39 
Guerra Enrico ...................................................................................................................... 89 
Idà Edoardo.......................................................................................................................... 99 
Leonelli Luca ....................................................................................................................... 77 
Liverani Erica ...................................................................................................................... 91 
Mantovani Sara .................................................................................................................... 95 
Morellato Kavin ................................................................................................................... 89 
Mottola Giovanni ............................................................................................................... 101 
Mucchi Emiliano ........................................................................................................... 81, 83 
Munari Alessandro............................................................................................................... 61 
Musella Umberto ................................................................................................................. 83 
Palanca Marco ............................................................................................................... 35, 87 
Parenti Castelli Vincenzo .................................................................................................... 91 
Pellicciari Marcello ............................................................................................................ 105 
Peruzzini Margherita ......................................................................................................... 105 
Reggiani Barbara ................................................................................................................. 97 
107
Rivola Alessandro ................................................................................................................ 53 
Rubini Riccardo ........................................................................................................... 61, 103 
Ruspi Maria Luisa................................................................................................................ 35 
Sancisi Nicola ...................................................................................................................... 91 
Soffiatti Renzo ..................................................................................................................... 89 
Sorrentino Silvio ............................................................................................................ 77, 79 
Spaggiari Andrea ................................................................................................................. 39 
Strozzi Antonio .................................................................................................................... 95 
Tomesani Luca .................................................................................................................... 97 
Troncossi Marco .................................................................................................................. 85 
Viceconti Marco .................................................................................................................. 87 
Zanarini Alessandro ......................................................................................................... 3, 19 
108
Finito di stampare nel Luglio 2018 da
Global Print - Gorgonzola (MI)
In questo volume sono raccolte le memorie presentate in 
occasione della “Undicesima Giornata di Studio Ettore Funaioli”, 
che si è svolta il 21 luglio 2017 presso la Scuola di Ingegneria e 
Architettura dell’Alma Mater Studiorum – Università di Bologna.
La Giornata è stata organizzata dagli ex allievi del Prof. Ettore 
Funaioli con la collaborazione del DIN – Dipartimento di 
Ingegneria Industriale e della Scuola di Ingegneria e Architettura 
dell’Alma Mater Studiorum – Università di Bologna, e con il 
patrocinio dell’Accademia delle Scienze dell’Istituto di Bologna 
e del GMA – Gruppo di Meccanica Applicata.
Questo volume è stato stampato con il contributo di G.D S.p.A.
AlmaDL è la Biblioteca Digitale dell’Alma Mater Studiorum Università 
di Bologna. AlmaDL ospita al suo interno gli archivi Open Access che 
rendono pubblicamente disponibili i contributi derivanti dalle attività 
di ricerca, didattiche e culturali dell’Ateneo bolognese. AlmaDL attua 
così i principi del movimento internazionale a sostegno dell’accesso 
aperto alla letteratura scientiica, sottoscritti dall’Università di Bologna 
assieme a molte altre istituzioni accademiche, di ricerca e di cultura, 
italiane e straniere.
http://almadl.unibo.it
ISBN 978-88-9385-077-3
ISBN 978-88-9385-077-3
